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Abstract
Recent experiments in the Large Hadron Collider at CERN have discovered the Higgs scalar at the mass 125 GeV. Even though the Higgs scalar is an elementary particle in the Standard Model, there is still a possibility that 

such a light scalar might arise as a composite particle in non-abelian gauge theories with many fermions, provided that it is not too far below the conformal window. This study focuses on the SU(3) gauge theory with 10 
massless domain-wall fermions in the fundamental representation, using a GPU cluster at National Taiwan University. Our result of the beta-function suggests that this theory is infrared conformal. 

GPU and CUDA Architecture

Lattice QCD with Domain-Wall Fermion

Quantum Chromodynamics (QCD) is the SU(3) gauge theory for the
interaction between quarks and gluons. It manifests as the short-range
strong interaction in the nucleus, and plays an important role in the
evolution of the early universe, from the quark-gluon “plasma” phase to
the hadron phase. To solve QCD is a grand challenge, since it requires the
largest scale numerical simulation of the discretized action of QCD on the
4-dimensional space-time lattice [1].

Theoretical Background Discrete -Function Results and Discussions

Since 2009, researchers at National Taiwan University have successfully
set up a GPU cluster which currently constitutes of 350 GPUs. This is the
first GPU supercomputer in Taiwan. We have developed highly efficient
CUDA codes for the most computationally challenging problems in high
energy physics, condensed matter physics, and astrophysics. In 2015, our
GPU cluster attains 200 Teraflops (sustained) for lattice QCD. During 2009-
2015, we have developed efficient algorithms and CUDA codes for the
ground-breaking simulation of lattice QCD with exact chiral symmetry. Now
we are one of the three lattice QCD groups (RBC-UKQCD, JLQCD, TWQCD)
around the world who can perform such a demanding large-scale lattice
QCD simulation incorporating dynamical quarks with exact chiral symmetry.
Remarkably, we have succeeded in performing our simulations using a GPU
cluster, rather than expensive supercomputers (e.g., IBM BlueGene/Q).

One of the most crucial part in the simulation program is the multi-GPU
Conjugate Gradient (CG) solver with OpenMP. In the followings, the
implementation and optimization of the two main kernels in matrix-vector
multiplication in our CG calculation are discussed.

Moreover, since quarks are relativistic fermions, the 5-th dimension is
introduced such that massless quarks with exact chiral symmetry can be
realized at finite lattice spacing, on the boundaries of the fifth dimension,
the so-called domain-wall fermion (DWF) [2]. In this study, we use the
optimal DWF [3]. The effective action of DWF can be written as
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Then we can put this integral on the lattice and use Hybrid Monte Carlo

(HMC) method to compute this integral. The most time-consuming part in
HMC is to solve a linear system by the conjugate gradient algorithm(CG).
By using GPU, we can boost our simulation dramatically.
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Salient Features of the Quark Matrix 𝑫𝑫𝒎𝒎(𝑼𝑼)
• 𝐷𝐷𝑚𝑚 is a sparse matrix, only involving the nearest neighbor interactions.
• Iterative algorithms (conjugate gradient, Lanczos, etc.) are used, which

involve the matrix-vector multiplication.
• CUDA kernels can be optimized for the matrix-vector ops. in QCD.
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CG (mixed prec.) attains  550 GFLOPS on GTX TITAN-X

All numbers are in unit of GFLOPS, tested with DWF on 163 x 32 x 16 lattice

Dw(Single) M5(Single) Dw(Double) M5(Double) CG(Mixed)

C2070 171 244 22 96 156

GTX480 293 309 37 116 252

GTX580 338 445 41 150 317

GTX970 417 495 74 96 375

GTX TITAN 440 578 53 195 410

GTX TITAN-X 784 899 123 132 550

1 GPU 2 GPU Speedup

GTX680 248 453 1.83
K20c 286 535 1.87
GTX TITAN 410 781 1.90
GTX TITAN -X 550 1050 1.90

2 GPU 4 GPU Speedup
GTX690 475 942 1.98

GTX TITAN-Z 780 1350 1.73

All numbers are in unit of GFLOPS, tested with DWF on 323 x 64 x 16 lattice

All numbers are in unit of GFLOPS, tested with DWF on 243 x 48 x 16 lattice

Introduction
 To understand  the beta-function of the SU(3) gauge theory with 10 

massless  fermions is a fundamental problem in quantum field theory, 
which requires  nonperturbative (lattice) study.

 The strong interaction physics around IRFP may have significant 
impacts to the phenomenological models beyond the Standard Model, 
e.g., models of composite Higgs boson.

 It is vital to use lattice fermions with exact chiral symmetry (domain-
wall /overlap) fermion, having exactly the same flavor symmetry as 
their counterparts in the continuum.

Finite Volume Gradient Flow Scheme 
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Simulations
 Gauge action: Wilson plaquette action

β = 6/g0
2 = 6.45, 6.5, 6.6, 6.7, 6.8, 7.0, 7.5, 8.0, 9.0, 10.0, 12.0, 15.0
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Discrete β-function
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Discrete β-function of the SU(3) Gauge Theory with Nf=10

Concluding Remarks 

 The statistical+systematic errors of the discrete β-function around the   
IRFP can be further reduced by increasing  the statistics as well as more 
data points around the regime of strong couplings. Moreover, it is 
instructive to  simulate L=32 , and add the fourth  lattice pair (16,32) to 
the existing data of discrete β-function.    

 Our data of the discrete β-function (with s=2) of the SU(3) gauge 
theory with 10 massless optimal DWFs suggests that the theory may 
possess IRFP at gc

2 7.0, and it is infrared conformal. 

 For each (β, L), after thermalization, 2000-4000 trajectories 
have been accumulated. Sampling one configuration every 10 
trajectories gives 200-400 configurations for measurement.  

 Lattice sizes:  84, 104, 124, 164,  204,  244
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