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Abstract
Networks of interconnected resistors, springs and beams, or pores are standard
models of studying scalar and vector transport processes in heterogeneous
materials and media, such as fluid flow in porous media, and conduction,
deformations, and electric and dielectric breakdown in heterogeneous solids. We
develop an algorithm for using the computational power of graphics processing
units (GPUs) to speed up the calculations with pore and resistor networks. The
same algorithm can be used with networks of springs or beams. A mixed-precision
algorithm, together with the conjugate-gradient method have been implemented
on a single GPU solver. We achieve a speed-up factor of 60, and are able to simulate
very large networks with several million sites. The speed-up increases with the size
of the network, as well as the density of nonzero entries of the matrix of
coefficients used in such calculations.

Motivation
Fluid flow and transport in heterogeneous media is an important problem, in view
of its relevance to a wide variety of phenomena in natural and industrial processes.
Predicting and simulating static and dynamic properties of laboratory- and large-
scale porous media have been the subject of numerous investigations. Various
methods have been used to achieve such goals. Pore network modeling (PNM) is
one of the commonly used methods used in such investigations, and has been
applied to successfully simulate multi-phase fluid flow in porous media, drying in
porous media and other phenomena in porous materials. The main drawback of
PNM is that it cannot be applied to large systems since it needs huge computational
time. Moreover, with the advent of sophisticated experimental techniques, such as
x-ray computed tomography, it is now possible to obtain detailed data for the
morphology of heterogeneous media. Taking proper account of the correlations and
utilizing the detailed data in the model entails employing a high-resolution PN or
RRN with several million nodes, resulting in several million flow or transport
equations to solve, a still daunting task. Moreover, the problem is much more
difficult when one must solve unsteady-state problems over a period of time, which
entails solving a very large number of equations for thousands of time steps. In the
case of porous media, the problem is also more difficult when studying multiphase
fluid flow and transport, particularly in field-scale porous media, or computing
mechanical properties of, and fracture propagation in such porous media.

In this Rapid Communication we propose a new efficient approach to the problem,
which is based on graphic processing units (GPUs), which have opened up a new
approach for high performance computing, particularly for those who do not have
access to massively-parallel machines with hundreds of nodes, or to vector
supercomputers.

Pore Network Modeling of Porous Media 
In pore network modeling, the porous medium is represented by a network of
pores, and flow and transport phenomena are modeled directly at the pore scale.
Such an approach allows simulating porous structures, while accounting for most of
its structural properties.
A sample of PN is shown in the figure 1. Part (a) was reconstructed with a regular
lattice in order to reproduce petrophysical properties of real porous media and (b)
extracted from microtomography measurements. The PNM is based on a simplified
representation of the void space, which is approximated by a network of bonds
(pore throats) and nodes (pore bodies). With the purpose of having more realistic
synthetic porous media, we use a multi-fractal model and the mid-point
displacement (MPD) algorithm, which account for the PSD and correlations in order
to generate the correlated particle radii. In the sequential implementation of the
algorithm, as the size of the synthetic porous media increases, the computation and
required memory increase exponentially, resulting in undesired runtime. In order to
make the runtime manageable, we adopt message passing interface (MPI) to
implement a three-dimensional version of the MPD algorithm.

Pore Network Simulation of Fluid Flow in Porous Media
Modeling is based on mass balance at each node of the PN to find the pressure (un-
known or x in the CG algorithm:

Conjugate Gradient Algorithm and GPU Kernels 

Results 
The computations were carried out with various PN sizes in both CPU and GPU, in
order to measure the speed-up of the computations. The computing system that we
employed consisted of one Intel core i7-4710 CPU (2.5 GHz) with 16 GB of main
memory, and the NVIDIA Geforce GTX 880 graphic card with 1536 cores.
All speed-up comparisons have been made with respect to runtime of nonparallel
code of CG algorithm in C++. Applications were written in CUDA version 6.5 and C++
using Visual Studio 2012. Figure 1 presents the speed-up of the computations that
we obtained for a PN model with a FBM distribution of the pore sizes with H=0.8.
The speed-up increases with increasing size of the PN. For a PN with 3 million
nodes, the speed-up is 60, a significant increase in the speed of the computations.
We used a mixed-precision implementation on a 2-D porous medium to solve for
the pressure distribution in a synthetic porous medium. We also tested the
performance of the algorithm on two different GPUs. All the GPUs provide
substantial speed-ups.
Pressure distribution solved on GPU for a PN:

Summary
An algorithm for implementing the PN model on GPUs was developed.
GPUs allow simulation of very large PNs that  have not been possible to simulate up 
until now.
We are currently utilizing the GPU-based solver to study a variety of problems and,
in particular, the problem of evaporation and salt precipitation in porous media.
The set of equations that one solves in PN modeling has the same matrix structure
as those for simulation of fluid flow in large-scale porous media. Therefore, the
algorithm for solving a large set of equations in PN simulation with GPUs can also
be adopted for large-scale porous media. The speed-up obtained with GTX-880 GPU
is shown below for PNs of various sizes.

Fig. 1. a) Synthetic porous media b) Pore Network model  of porous media
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Fig.2 . MPI implementation of the MPD after the first iteration. The matrix is divided into 
eight sub-matrices, and each sub-matrix is handled by a process.

Fig. 3. Mixed Precision CG
Algorithm: To improve the
performance of the CG code,
the mixed precision method
has been used. In mixed
precision approach, two types
of iterative loops are used to
get the true solution value. At
first, by using the single
precision iteration, we can
approach fast to the roughly
estimated solution within
inner loop tolerance. And
next, double precision or
more precise iteration can be
used to get the more accurate
solution within the outer loop
error range.
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