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Figure 3, example of format transformation. Suppose 
there are 2 threads and 8 elements. 

Figure 2, format of tridiagonal matrix and division technique 
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Introduction 

Methodology 

         Tridiagonal linear system has a special 
structured matrix, as shown in Figure 1, which  
often appears in physics and computer graphics.  Its 
special structure is suitable for ABCD (Augmented 
Block Cimmino Direct) algorithm to solve in parallel. 

         Now, the result is correct, but the extra 
constraints are not orthogonal to other block-rows. To 
solve the problem, we apply the projection method, 
where 𝑃𝑃 =   𝐴𝐴 𝑖𝑖𝑇𝑇(𝐴𝐴 𝑖𝑖𝐴𝐴 𝑖𝑖𝑇𝑇)−1𝐴𝐴 𝑖𝑖𝑝𝑝

𝑖𝑖=1 , to obtain the 
orthogonal complement of the subspace spanned by 
the block rows of 𝐴𝐴 𝐶𝐶 . 
         Accordingly, the equation 1 becomes equation 2. 

𝐴𝐴 𝐶𝐶
𝐵𝐵 𝑆𝑆

𝑥𝑥
𝑦𝑦 =  𝑏𝑏

𝑓𝑓  

Equation 2, 𝐵𝐵 𝑆𝑆  is orthogonal to other 
block-rows. Now, we can solve the system 

in parallel. 

Figure 1, format of tridiagonal matrix 

Algorithm - ABCD 
        ABCD algorithm, which is derived from 
augmented block cimmino method[1]. The matrix is 
partitioned with augmentations, where 𝐶𝐶𝑖𝑖,𝑗𝑗  = 𝐴𝐴𝑖𝑖𝑗𝑗𝐴𝐴𝑗𝑗𝑖𝑖𝑇𝑇 . 
Then, we can solve each block-rows in parallel. The 
format is shown in Figure 2. 
       However, the solution is changed due to the 
augmentations. To make the result unchanged, extra 
constraints are added to the system(equation 1).  

𝐴𝐴 𝐶𝐶
0 𝐼𝐼

𝑥𝑥
𝑦𝑦 = 𝑏𝑏

0  

𝐴𝐴𝑥𝑥 + 𝐶𝐶𝑦𝑦 =  𝑏𝑏, 𝑦𝑦 = 0
Then 𝐴𝐴𝑥𝑥 = 𝑏𝑏. 

Equation 1, we add extra constraints of 0 𝐼𝐼  to make the 
result correct. 

Evaluation 
       We implement the algorithm on both GPU and 
CPU to test the applicability. As shown in Figure 6, 
the performance of GPU version is about 15 times 
faster than that of the CPU version. The calculation 
time is similar when the matrix size is too small. 

Conclusion 
       With this work , we provide a fast tridiagonal 
matrix solver based on GPU and show the 
applicability. Using ABCD algorithm and SPIKE 
algorithm, we can solve a tridiagonal matrix in 
parallel with less calculation time than CPU. 

Original format of matrix 𝐶𝐶

𝑃𝑃
𝐶𝐶1, 

 𝐼𝐼

𝐶𝐶 , 

𝐶𝐶 , 

 𝐼𝐼

 𝐼𝐼
𝑃𝑃

  

 

Sparse format of matrix 𝐶𝐶

𝑃𝑃

𝐶𝐶1, 

 𝐼𝐼

𝐶𝐶 , 

 𝐼𝐼

𝐶𝐶 , 

 𝐼𝐼

𝑃𝑃

  𝑃𝑃

 

Figure 5, example of sparse storage and boundary padding. 
Because there are few elements in the augmentations, we 
change the storage way from dense to sparse. Then, we add 
padding 𝑃𝑃 to unify  works for different threads. 
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GPU implementation 
We implemented the following techniques to 
achieve better performance on GPU: 
1. data layout transformation 
          Data layout transformation helps us achieve 
the requirement of coalescing on GPU, as shown as 
in figure 3.  
 

2. sparse storage 
          Because he tridiagonal matrix has nonzeros 
only at tridiagonal, a special format is preferred as 
shown as in figure 4.  

3. Boundary padding to reduce the branches 
         Because there are differences between 
different  block-rows, we proposes the boundary 
padding to reduce the branches divergence, as 
shown in figure 5. 
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Figure4 , sparse storage format of A. It is reduced to 3 * 
n for three diagonal storage. 

Figure6 , comparison between ABCD 
implementation on GPU and CPU. 
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