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An example of choosing a “high-efficiency” algorithm 
(plays well with great code like CUBLAS)...
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(plays well with great code like CUBLAS)...

Some really fast SVM training code...
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Training data
Learn model (w,b)

w⊤x+b = 0
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Learn model (w,b)
w⊤x+b = 0

sign(w⊤x+b) > 0?
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Which model?
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Support Vector Machines [Cortez & Vapnik, 1995]
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“Maximum margin”

2 Notation and Background

Throughout this paper we type vectors in bold (xi), scalars in regular (C or b), matrices in capital
bold (K) and sets in cursive (J ) font. Specific entries in vectors or matrices are scalars and follow
the corresponding convention, i.e. the ith, jth entry of matrix K is written as Kij and the ith

dimension of vector x isxi. In contrast, depending on thecontext, xi refers to the ith vector within
someordered set x1, . . . ,xn and ki refers to the ith column in amatrixK.

Kernelized SVMs. When training asupport vector machine, wearegiven a training dataset D =

{(x1, y1), ..., (xn, yn)} of featurevectorsxi 2 Rd with class labelsyi 2 {�1,+1}. Thegoal of the
optimization is to find amaximummargin hyperplaneseparating the two classes. (Binary classifiers
can easily beextended tomulticlasssettings through pairwisecoupling or similar approaches [29].)
The primal formulation of the SVM optimization problem [12] learns a hyperplane parameterized
by weight vector w with ascalar offset b:

min

w,b

1

2

||w||2 + C
nX

i=1

max(0, 1� yi(w
>
xi + b)). (1)

The simple linear case can be solved very efficiently with special purpose algorithms [17]. In this
paper we focus on non-linear SVMs, which map the inputs into a new feature space xi ! �(xi)

prior to optimizing, where�(xi) isanonlinear transformation of xi. Thismapping isgenerally to a
higher (possibly infinite) dimensional representation. As inputs areonly accessed through pairwise
inner products in thedual formulation of theoptimization, themapping can becomputed implicitly
with thekernel-trick [29] through apositivesemi-definitekernel function k(xi,xj)=�(xi)

>�(xj).
The (dual) optimization to find the large-margin hyperplanebecomes

max

C�↵i�0
� 1

2

nX

i=1

nX

j=1

↵i↵jyiyjk(xi,xj) +

nX

i=1

↵i, (2)

where a Lagrangemultiplier variable ↵i corresponds to each training input. At the end of the op-
timization, only some variables ↵i are nonzero, which are referred to as support vectors. (For
convenience, henceforth, we omit the bias term b, which can be solved for in a straight-forward
fashion from the solution of (2) [29]. Throughout this paper wewill focus primarily on theRadial
BasisFunction (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . TheRBF kernel is particularly interesting
becauseof itsuniversal approximation properties [29] and itswide-spread application.
Although solving theSVM optimization in thedual formulation (2) avoids theexplicit featurecom-
putation �(xi), it is still significantly slower than solving the linear formulation. In particular, it
requires either precomputing the kernel matrix K whereKij = k(xi,xj), requiring O(n2

) space,
or recomputing k(xi,xj) as it is needed, with space or time complexity that is too great for ever
increasing dataset sizes. Thismotivates theadoption of SVM-specific optimization procedures.

3 Explicitly Parallel SVM Optimization

To our knowledge, all competitive implementationsof parallel SVMs(for multi-coreCPUsor GPU
architectures) arebased on explicit parallelization of dual decomposition approaches. Dual decom-
positionmethods, which includeSequential Minimal Optimization (SMO) [28], areamong themost
efficient sequential algorithms for solving the dual formulation. They operate on a small working
set of Lagrangemultiplier variables in each iteration, holding othersconstant. For example, in each
iteration, SMO heuristically selects two dual variables↵i,↵j and optimizes them analytically. Lib-
SVM, a very popular tool for training SVMs, implements a variant of thismethod [9]. In general,
any small number of dual variables may be optimized at once with working set size representing
a tradeoff between work per iteration and number of iterations required. Explicit parallelization
approachesparallelize the computation within each iteration aswell as parallelizing kernel compu-
tations. A common theme among explicitly parallel methods is high code complexity, making it
hard to verify correctnessor port thecode to new or updated hardwareplatforms.

Multi-core. Thereareseveral parallel implementationsof dual decomposition-basedSVM solvers
targeted towardmulti-cores. Somemethodsattempt to extract existing parallelism fromSMO-based

3

“Margin” term Error penalty
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approaches[14, 16], includingasimplemodification toLibSVM that computeskernel matrix entries
in parallel with OpenMP. Other approaches attempt some restructuring of the problem. Increasing
the working set size (originally two variables in SMO) exposes additional parallelism, as several
dual variables are optimized at each iteration [5, 15, 35], as does optimizing over nested working
sets [37]. Another common approach is to partition the training set, optimize over the partitions
in parallel, and combine the resulting solutions [6, 11, 18, 19, 36]. We were only able to obtain
source code for two of thesemethods— namely LibSVM with OpenMPand PSVM[38]. Weonly
report theresultsof the former, sincethe latter wasnot designed for multi-coreCPUsand consumed
an infeasible amount of memory for medium-scale datasets. However, a comparison of published
training times (with consideration of the various architectures) makes us believe that most other
approachesarecomparableor (moreoften) lesscompetitive in practice.

GPU. Likewise, all previous attempts to accelerate the training of kernelized SVMs on GPUs
have been direct implementations of a dual decomposition method such as SMO. GPU SVM [8]
offloads computation of kernel matrix rows to the GPU using the CUBLAS library and computes
KKT condition updates on the GPU with explicitly parallelized routines. A similar approach and
resultsweredemonstrated by [7]. GTSVM [13] takes thestrategy of increasing theworking set size
of dual variables to 16 to better utilize GPU resources. The method features built-in support for
bothmulti-classSVMsand sparse training vectors. GTSVM achieves thebest previously published
kernel SVM training times of which we are aware. Other GPU implementations include solvers
especially optimized for multi-classproblems [26] and aspecialized implementation in R [34].

4 Implicitly Parallel SVM Optimization

As an alternative to explicitly parallelized SMO-type optimization methods, we also investigate
algorithms that are amenable to implicit parallelization; that is, algorithms where the majority of
thework can beexpressed in few iterationswith dense linear algebracomputations, which can then
be performed using optimized libraries. We identify three re-formulations of the SVM problem
that lend themselves towards thisapproach, whilenoting that noneof thesemethodswereexplicitly
developed for increased parallelism. It is important to point out that in all formulations in this
section, the linear algebra computations are dense irrespective of the sparsity of the data, as they
operate on thedensekernel matrix, e.g. computing Hessian updates. Onedownsideof this implicit
approach is that it sometimesrequiresa reformulation or relaxation of theSVM optimization in (2),
which can impact accuracy andmemory efficiency.

Multiplicative update. Sha et al.[30] proposed themultiplicative update rule, which updates all
dual variables ↵i in each iteration, to solve the dual optimization (2). This approach relies on
matrix-vector multiplication which can be readily parallelized; the authors remark in their original
publication that the algorithm could potentially be used for parallel implementations. While our
implementation demonstrated somespeedupswhen linked against parallel libraries, themethodwas
ultimately considered not competitive (and is not included in our experimental section) for two
reasons: 1. Theentirekernel matrix must bestored inmemory at all times, which rendersthemethod
infeasible for typical medium-sized data sets; and 2. the convergence rate of the multiplicative
update is too slow in practice, requiring toomany iterations.

Primal optimization. Chapelle introduced amethod for solving akernel SVM optimization prob-
lem in the primal [10]. The SVM classifier can be expressed as h(x) = w

>�(x) + b, where
w=

Pn
i=1 ↵iyi�(xi) (andwith biasb). After thetransformationx ! �(x), solving (1) with respect

to w directly is impractical, due to the high (possibly infinite) dimensionality of �(x). However,
after achangeof variable, with �i=↵iyi and� 2 Rn, (1) can be rewritten as follows:

min

�,b

1

2

�>K� +

C

2

nX

i=1

max(0, 1� yi(�
>
ki + b)]2 (3)

whereki is the kernel matrix row corresponding to the ith training example. Notice that there are
two relaxations: 1. the�i areunconstrained, in contrast to ↵i in (2), whichmust satisfy 0↵iC;
and 2. the squared hinge loss is used in place of the more common absolute hinge loss. These
changesallow theuseof second order optimization methods. In particular Newton’smethod yields

4

Kernel Support Vector Machines
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“Kernel trick”

Non-linear feature projection + linear model = 
non-linear decision boundary
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used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjxi
>xj +

nX

i=1

↵i (2)

s.t.

nX

i=1

↵iyi = 0

where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjk(xi,xj) +
nX

i=1

↵i, (3)

allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjxi
>xj +

nX

i=1

↵i (2)

s.t.
nX

i=1

↵iyi = 0

where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjk(xi,xj) +
nX

i=1

↵i, (3)

allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis
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resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
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recent methods revisit the primal optimization.

Dual Decomposition
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Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
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vention, i.e. the ith, jth entry of matrix K is referred to as
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refers to the ith vector within some ordered set x1, . . . ,xn.
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training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjxi
>xj +

nX

i=1

↵i (2)
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nX

i=1

↵iyi = 0

where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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↵i, (3)

allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjxi
>xj +

nX

i=1

↵i (2)

s.t.

nX

i=1

↵iyi = 0

where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjk(xi,xj) +
nX

i=1

↵i, (3)

allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b
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||w||2 + C
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i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):

max
C�↵i�0

� 1
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nX

i=1

nX

j=1

↵i↵jyiyjxi
>xj +

nX

i=1

↵i (2)

s.t.

nX

i=1

↵iyi = 0

where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain

max
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i=1

nX

j=1

↵i↵jyiyjk(xi,xj) +
nX

i=1

↵i, (3)

allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjxi
>xj +

nX

i=1

↵i (2)

s.t.

nX

i=1

↵iyi = 0

where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjk(xi,xj) +
nX

i=1

↵i, (3)

allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b
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||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
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it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
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Magma [1] for GPUs. Therefore, if we can redesign machine
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can expect significant speedups by using these libraries out
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This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
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>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
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kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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operations are the building blocks of many applications that
are of great interest to the high-performance community.
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
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these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjk(xi,xj) +
nX

i=1

↵i, (3)

allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
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Further, its explicit feature representation �(xi) is infinite
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it is typically still significantly slower than solving (1) in the
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ing O(n2) space, or recomputing k(xi,xj) as it is needed,
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ticores. In addition, since matrix multiplication is highly
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needed to hide latency on GPUs.

Even though one can design good algorithms for dense
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these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
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ated, such as various parallel BLAS and LAPACK libraries,
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Magma [1] for GPUs. Therefore, if we can redesign machine
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tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.
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One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
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>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
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kernel function, we will focus primarily on the Radial Basis
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proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
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boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:
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niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
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boundary in the input space. This method is insu�cient for
the complexity of many classification problems.
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One solution is to map the inputs into a new space
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-
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This allows the application of the kernel-trick [29], where
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ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis
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dimensional and can at best be approximated [28] for ex-
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it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
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it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
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The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
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used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
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max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi
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Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.
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The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.
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When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b
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max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
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must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.
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matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
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training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-
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kernel function, we will focus primarily on the Radial Basis
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kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
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it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.
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matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
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max(0, 1� yi(w
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b
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||w||2 + C
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max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.
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When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-
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This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
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ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
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matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
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location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:
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>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
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ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.
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The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
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location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
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ated, such as various parallel BLAS and LAPACK libraries,
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Magma [1] for GPUs. Therefore, if we can redesign machine
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of the box.
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the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
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4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
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Linear SVMs.
When training a support vector machine, we are given a
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tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
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fiers can easily be extended to multiclass settings through
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The first term in (1) is the `2 regularizer of the classifier and
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niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.
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ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis
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Further, its explicit feature representation �(xi) is infinite
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Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
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variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
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Further, its explicit feature representation �(xi) is infinite
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mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
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recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
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2 Notation and Background

Throughout this paper we type vectors in bold (xi), scalars in regular (C or b), matrices in capital
bold (K) and sets in cursive (J ) font. Specific entries in vectors or matrices are scalars and follow
the corresponding convention, i.e. the ith, jth entry of matrix K is written as Kij and the ith

dimension of vector x isxi. In contrast, depending on thecontext, xi refers to the ith vector within
someordered set x1, . . . ,xn and ki refers to the ith column in amatrixK.

Kernelized SVMs. When training asupport vector machine, wearegiven a training dataset D =

{(x1, y1), ..., (xn, yn)} of featurevectorsxi 2 Rd with class labelsyi 2 {�1,+1}. Thegoal of the
optimization is to find amaximummargin hyperplaneseparating the two classes. (Binary classifiers
can easily beextended tomulticlasssettings through pairwisecoupling or similar approaches [29].)
The primal formulation of the SVM optimization problem [12] learns a hyperplane parameterized
by weight vector w with ascalar offset b:

min

w,b

1
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||w||2 + C
nX

i=1

max(0, 1� yi(w
>
xi + b)). (1)

The simple linear case can be solved very efficiently with special purpose algorithms [17]. In this
paper we focus on non-linear SVMs, which map the inputs into a new feature space xi ! �(xi)

prior to optimizing, where�(xi) isanonlinear transformation of xi. Thismapping isgenerally to a
higher (possibly infinite) dimensional representation. As inputs areonly accessed through pairwise
inner products in thedual formulation of theoptimization, themapping can becomputed implicitly
with thekernel-trick [29] through apositivesemi-definitekernel function k(xi,xj)=�(xi)

>�(xj).
The (dual) optimization to find the large-margin hyperplanebecomes

max

C�↵i�0
� 1

2

nX

i=1

nX

j=1

↵i↵jyiyjk(xi,xj) +

nX

i=1

↵i, (2)

where a Lagrangemultiplier variable ↵i corresponds to each training input. At the end of the op-
timization, only some variables ↵i are nonzero, which are referred to as support vectors. (For
convenience, henceforth, we omit the bias term b, which can be solved for in a straight-forward
fashion from the solution of (2) [29]. Throughout this paper wewill focus primarily on theRadial
BasisFunction (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . TheRBF kernel is particularly interesting
becauseof itsuniversal approximation properties [29] and itswide-spread application.
Although solving theSVM optimization in thedual formulation (2) avoids theexplicit featurecom-
putation �(xi), it is still significantly slower than solving the linear formulation. In particular, it
requires either precomputing the kernel matrix K whereKij = k(xi,xj), requiring O(n2

) space,
or recomputing k(xi,xj) as it is needed, with space or time complexity that is too great for ever
increasing dataset sizes. Thismotivates theadoption of SVM-specific optimization procedures.

3 Explicitly Parallel SVM Optimization

To our knowledge, all competitive implementationsof parallel SVMs(for multi-coreCPUsor GPU
architectures) arebased on explicit parallelization of dual decomposition approaches. Dual decom-
positionmethods, which includeSequential Minimal Optimization (SMO) [28], areamong themost
efficient sequential algorithms for solving the dual formulation. They operate on a small working
set of Lagrangemultiplier variables in each iteration, holding othersconstant. For example, in each
iteration, SMO heuristically selects two dual variables↵i,↵j and optimizes them analytically. Lib-
SVM, a very popular tool for training SVMs, implements a variant of thismethod [9]. In general,
any small number of dual variables may be optimized at once with working set size representing
a tradeoff between work per iteration and number of iterations required. Explicit parallelization
approachesparallelize the computation within each iteration aswell as parallelizing kernel compu-
tations. A common theme among explicitly parallel methods is high code complexity, making it
hard to verify correctnessor port thecode to new or updated hardwareplatforms.

Multi-core. Thereareseveral parallel implementationsof dual decomposition-basedSVM solvers
targeted towardmulti-cores. Somemethodsattempt to extract existing parallelism fromSMO-based
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gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
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must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.
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tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
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original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
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must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
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these platforms is highly nontrivial and requires an enor-
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operations are the building blocks of many applications that
are of great interest to the high-performance community.
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ated, such as various parallel BLAS and LAPACK libraries,
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learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
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the optimization is to find a hyperplane separating the two
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the nearest training points of either class. (Binary classi-
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
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dimensional representation, but is readily addressed with
the dual formulation of (1):

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjxi
>xj +

nX

i=1

↵i (2)

s.t.
nX

i=1

↵iyi = 0

where a Lagrange multiplier variable ↵i corresponds to each
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variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
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gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.
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tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
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classes with a maximum margin between the hyperplane and
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fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
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hyperplane parameterized by weight vector w with a scalar
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-
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This allows the application of the kernel-trick [29], where
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis
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Further, its explicit feature representation �(xi) is infinite
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ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.
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The simple linear case can be solved very efficiently with special purpose algorithms [17]. In this
paper we focus on non-linear SVMs, which map the inputs into a new feature space xi ! �(xi)

prior to optimizing, where�(xi) isanonlinear transformation of xi. Thismapping isgenerally to a
higher (possibly infinite) dimensional representation. As inputs areonly accessed through pairwise
inner products in thedual formulation of theoptimization, themapping can becomputed implicitly
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where a Lagrangemultiplier variable ↵i corresponds to each training input. At the end of the op-
timization, only some variables ↵i are nonzero, which are referred to as support vectors. (For
convenience, henceforth, we omit the bias term b, which can be solved for in a straight-forward
fashion from the solution of (2) [29]. Throughout this paper wewill focus primarily on theRadial
BasisFunction (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . TheRBF kernel is particularly interesting
becauseof itsuniversal approximation properties [29] and itswide-spread application.
Although solving theSVM optimization in thedual formulation (2) avoids theexplicit featurecom-
putation �(xi), it is still significantly slower than solving the linear formulation. In particular, it
requires either precomputing the kernel matrix K whereKij = k(xi,xj), requiring O(n2

) space,
or recomputing k(xi,xj) as it is needed, with space or time complexity that is too great for ever
increasing dataset sizes. Thismotivates theadoption of SVM-specific optimization procedures.

3 Explicitly Parallel SVM Optimization

To our knowledge, all competitive implementationsof parallel SVMs(for multi-coreCPUsor GPU
architectures) arebased on explicit parallelization of dual decomposition approaches. Dual decom-
positionmethods, which includeSequential Minimal Optimization (SMO) [28], areamong themost
efficient sequential algorithms for solving the dual formulation. They operate on a small working
set of Lagrangemultiplier variables in each iteration, holding othersconstant. For example, in each
iteration, SMO heuristically selects two dual variables↵i,↵j and optimizes them analytically. Lib-
SVM, a very popular tool for training SVMs, implements a variant of thismethod [9]. In general,
any small number of dual variables may be optimized at once with working set size representing
a tradeoff between work per iteration and number of iterations required. Explicit parallelization
approachesparallelize the computation within each iteration aswell as parallelizing kernel compu-
tations. A common theme among explicitly parallel methods is high code complexity, making it
hard to verify correctnessor port thecode to new or updated hardwareplatforms.

Multi-core. Thereareseveral parallel implementationsof dual decomposition-basedSVM solvers
targeted towardmulti-cores. Somemethodsattempt to extract existing parallelism fromSMO-based
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operations are the building blocks of many applications that
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o↵set b:
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
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One solution is to map the inputs into a new space
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-
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these inner-products are computed with a positive semi-
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kernel function, we will focus primarily on the Radial Basis
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with constant trade-o↵ C. This SVM formulation can be
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prior to optimizing, where�(xi) isanonlinear transformation of xi. Thismapping isgenerally to a
higher (possibly infinite) dimensional representation. As inputs areonly accessed through pairwise
inner products in thedual formulation of theoptimization, themapping can becomputed implicitly
with thekernel-trick [29] through apositivesemi-definitekernel function k(xi,xj)=�(xi)

>�(xj).
The (dual) optimization to find the large-margin hyperplanebecomes

max

C�↵i�0
� 1

2

nX

i=1

nX

j=1

↵i↵jyiyjk(xi,xj) +

nX

i=1

↵i, (2)

where a Lagrangemultiplier variable ↵i corresponds to each training input. At the end of the op-
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fashion from the solution of (2) [29]. Throughout this paper wewill focus primarily on theRadial
BasisFunction (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . TheRBF kernel is particularly interesting
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putation �(xi), it is still significantly slower than solving the linear formulation. In particular, it
requires either precomputing the kernel matrix K whereKij = k(xi,xj), requiring O(n2

) space,
or recomputing k(xi,xj) as it is needed, with space or time complexity that is too great for ever
increasing dataset sizes. Thismotivates theadoption of SVM-specific optimization procedures.

3 Explicitly Parallel SVM Optimization

To our knowledge, all competitive implementationsof parallel SVMs(for multi-coreCPUsor GPU
architectures) arebased on explicit parallelization of dual decomposition approaches. Dual decom-
positionmethods, which includeSequential Minimal Optimization (SMO) [28], areamong themost
efficient sequential algorithms for solving the dual formulation. They operate on a small working
set of Lagrangemultiplier variables in each iteration, holding othersconstant. For example, in each
iteration, SMO heuristically selects two dual variables↵i,↵j and optimizes them analytically. Lib-
SVM, a very popular tool for training SVMs, implements a variant of thismethod [9]. In general,
any small number of dual variables may be optimized at once with working set size representing
a tradeoff between work per iteration and number of iterations required. Explicit parallelization
approachesparallelize the computation within each iteration aswell as parallelizing kernel compu-
tations. A common theme among explicitly parallel methods is high code complexity, making it
hard to verify correctnessor port thecode to new or updated hardwareplatforms.

Multi-core. Thereareseveral parallel implementationsof dual decomposition-basedSVM solvers
targeted towardmulti-cores. Somemethodsattempt to extract existing parallelism fromSMO-based
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used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjxi
>xj +

nX

i=1

↵i (2)

s.t.
nX

i=1

↵iyi = 0

where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjk(xi,xj) +
nX

i=1

↵i, (3)

allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-
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This allows the application of the kernel-trick [29], where
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
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Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
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The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
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Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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↵i↵jyiyjxi
>xj +

nX
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↵i (2)

s.t.
nX

i=1

↵iyi = 0

where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjk(xi,xj) +
nX

i=1

↵i, (3)

allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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dimension of vector x isxi. In contrast, depending on thecontext, xi refers to the ith vector within
someordered set x1, . . . ,xn and ki refers to the ith column in amatrixK.

Kernelized SVMs. When training asupport vector machine, wearegiven a training dataset D =

{(x1, y1), ..., (xn, yn)} of featurevectorsxi 2 Rd with class labelsyi 2 {�1,+1}. Thegoal of the
optimization is to find amaximummargin hyperplaneseparating the two classes. (Binary classifiers
can easily beextended tomulticlasssettings through pairwisecoupling or similar approaches [29].)
The primal formulation of the SVM optimization problem [12] learns a hyperplane parameterized
by weight vector w with ascalar offset b:

min

w,b

1

2

||w||2 + C
nX

i=1

max(0, 1� yi(w
>
xi + b)). (1)

The simple linear case can be solved very efficiently with special purpose algorithms [17]. In this
paper we focus on non-linear SVMs, which map the inputs into a new feature space xi ! �(xi)

prior to optimizing, where�(xi) isanonlinear transformation of xi. Thismapping isgenerally to a
higher (possibly infinite) dimensional representation. As inputs areonly accessed through pairwise
inner products in thedual formulation of theoptimization, themapping can becomputed implicitly
with thekernel-trick [29] through apositivesemi-definitekernel function k(xi,xj)=�(xi)

>�(xj).
The (dual) optimization to find the large-margin hyperplanebecomes
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where a Lagrangemultiplier variable ↵i corresponds to each training input. At the end of the op-
timization, only some variables ↵i are nonzero, which are referred to as support vectors. (For
convenience, henceforth, we omit the bias term b, which can be solved for in a straight-forward
fashion from the solution of (2) [29]. Throughout this paper wewill focus primarily on theRadial
BasisFunction (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . TheRBF kernel is particularly interesting
becauseof itsuniversal approximation properties [29] and itswide-spread application.
Although solving theSVM optimization in thedual formulation (2) avoids theexplicit featurecom-
putation �(xi), it is still significantly slower than solving the linear formulation. In particular, it
requires either precomputing the kernel matrix K whereKij = k(xi,xj), requiring O(n2

) space,
or recomputing k(xi,xj) as it is needed, with space or time complexity that is too great for ever
increasing dataset sizes. Thismotivates theadoption of SVM-specific optimization procedures.

3 Explicitly Parallel SVM Optimization

To our knowledge, all competitive implementationsof parallel SVMs(for multi-coreCPUsor GPU
architectures) arebased on explicit parallelization of dual decomposition approaches. Dual decom-
positionmethods, which includeSequential Minimal Optimization (SMO) [28], areamong themost
efficient sequential algorithms for solving the dual formulation. They operate on a small working
set of Lagrangemultiplier variables in each iteration, holding othersconstant. For example, in each
iteration, SMO heuristically selects two dual variables↵i,↵j and optimizes them analytically. Lib-
SVM, a very popular tool for training SVMs, implements a variant of thismethod [9]. In general,
any small number of dual variables may be optimized at once with working set size representing
a tradeoff between work per iteration and number of iterations required. Explicit parallelization
approachesparallelize the computation within each iteration aswell as parallelizing kernel compu-
tations. A common theme among explicitly parallel methods is high code complexity, making it
hard to verify correctnessor port thecode to new or updated hardwareplatforms.

Multi-core. Thereareseveral parallel implementationsof dual decomposition-basedSVM solvers
targeted towardmulti-cores. Somemethodsattempt to extract existing parallelism fromSMO-based
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must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-
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This allows the application of the kernel-trick [29], where
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ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
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The simple linear case can be solved very efficiently with special purpose algorithms [17]. In this
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gorithm is well-designed; in particular, each time a memory
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must utilize this memory location before it is kicked out
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gorithms for matrix multiplication for both GPUs and mul-
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needed to hide latency on GPUs.

Even though one can design good algorithms for dense
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these platforms is highly nontrivial and requires an enor-
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operations are the building blocks of many applications that
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classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
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boundary in the input space. This method is insu�cient for
the complexity of many classification problems.
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
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used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjxi
>xj +

nX

i=1

↵i (2)

s.t.

nX

i=1

↵iyi = 0

where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjk(xi,xj) +
nX

i=1

↵i, (3)

allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):

max
C�↵i�0
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nX

j=1

↵i↵jyiyjxi
>xj +

nX

i=1

↵i (2)

s.t.

nX

i=1

↵iyi = 0

where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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j=1

↵i↵jyiyjk(xi,xj) +
nX

i=1

↵i, (3)

allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b
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||w||2 + C
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i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:
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max(0, 1� yi(w
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

Small basis set 
(“support vectors”)

tial methods for solving the dual formulation. These meth-
ods operate on a small working set of Lagrange multiplier
variables in each iteration, holding others constant. For ex-
ample, SMO heuristically selects two dual variables ↵i,↵j

and optimizes them analytically. LibSVM, a very popu-
lar tool for training SVMs, implements a variant [8] of this
method. In general, any small number of dual variables may
be optimized at once, with working set size representing a
tradeo↵ between work per iteration and number of iterations
required.

To our knowledge, all previous attempts to accelerate the
training of kernelized SVMs on GPUs have been direct im-
plementations of a dual decomposition method such as SMO.
GPU-LibSVM [2] takes the most straightforward approach
by modifying LibSVM to o✏oad computation of kernel ma-
trix rows to the GPU using the CUBLAS library. GPU SVM
[7] extends this approach by, in addition to computing kernel
rows on the GPU, also computing KKT condition updates
on the GPU. A similar approach and similar results were
demonstrated by cuSVM [6].

GTSVM [12] revisits the SVM dual decomposition prob-
lem, choosing a larger working set size (16) than LibSVM (2)
and SVM-Light (10) [20], to better utilize GPU resources.
This enables significant speedup over sequential decomposi-
tion methods with smaller working set sizes. Furthermore
GTSVM supports both multi-class SVMs and sparse train-
ing vectors, achieving the best published speedups of which
we are aware. Other GPU implementations of the SVM
dual problem include Multisvm [25], a multi-class special-
ized solver, and RPUSVM [34].

There are also several parallel implementations of dual
decomposition-based SVM solvers targeted toward multi-
cores or clusters. While some methods directly parallelize a
dual decomposition optimization [15] [13], many approaches
attempt some restructuring of the problem. A common ap-
proach is to partition the training set, optimize over the
partitions in parallel, and combine the resulting solutions
[10, 18, 19, 35].

One other dual method we encountered is the multiplica-
tive update method of Sha et al. [30], which utilizes large lin-
ear algebra operations. While a prototype implementation
demonstrated significant speedups, the memory requirement
and convergence rate on large problems rendered the method
infeasible for large scale SVMs.

Primal Optimization
Chapelle introduces a method for solving a kernelized ver-
sion of the primal SVM optimization problem in (1) [9]. The
representer theorem [23] is used to express the weights w in
the primal problem as a linear combination of training ex-
amples, parameterized by vector � 2 Rn:

w =
nX

i=1

�i�(xi). (4)

One can then substitute w from (4) in the primal formu-
lation in (1), with the result that to every instance of xi

is accessed as part of the inner product �(xi)
>�(xj). The

author then squares the hinge-loss to obtain a di↵erentiable
loss function and minimizes the resulting kernelized primal
optimization problem using Newton’s method. Although
a large amount of computation can be expressed in terms
of dense linear algebra operations, this approach shares the

same problem as the original dual formulation. The first sev-
eral Newton steps require the full or nearly the full kernel
matrix, resulting in a space complexity that is not scaleable.
Other approaches to solving the SVM in the primal for-

mulation [31, 37] have relied on stochastic gradient descent
to scale both linear and kernel SVMs, with notable success
on linear SVMs for large and often very high-dimensional
data.

5. SPARSE PRIMAL SVM
In this section, we provide details of LASP-SVM, which

is based on Keerthi et al.’s formulation of the primal
method[21]. This method is more scalable than Chapelle’s
primal optimization, since it builds up the support vectors
incrementally, rather than solving the exact problem to find
all support vectors. Initially all points have zero weight
(�i = 0 8i). In each iteration, the algorithm greedily selects
vectors—known as basis vectors—to assign nonzero weights.
This restricts w to a linear combination of basis vectors
J ⇢ D.1

w =
X

j2J

�j�(xj). (5)

The set of basis vectors J grows on every iteration, where
each vector is chosen heuristically from a candidate set ac-
cording to an estimate of their e↵ect on the objective. Since
all non-basis vector points have zero weight, only kernel rows
corresponding to these basis vectors need to be stored in
memory. As a result, the space complexity is now very man-
ageable.
In the following we will slightly abuse notation and refer

to the vector � 2 R|J | as � throughout, despite the fact
that its dimensionality changes as J grows. Rewriting the
objective (1) in terms of � 2 R|J |, we have

min
�,b

1
2
�>KJJ� +

C

2

nX

i=1

max(0, 1� yi(�
>kJ i + b))2. (6)

The nonlinear feature transformations �(xi) only appear im-
plicitly in dot products with other transformed input vec-
tors, allowing the entire optimization (6) to be rewritten in
terms of the kernel matrix K. Submatrices of the kernel ma-
trix K are denoted by KJI , referring to columns indexed
by I and rows indexed by J . The ith column of such a
submatrix is referred to as kJ i.
The new objective approximates the original SVM primal

objective in terms of a fixed, sparse set of “support vec-
tors”. If J = D then this optimization is the primal SVM
optimization of Chapelle [9]. Note that unlike the original
objective (1), the least squares hinge loss [33] is used in (6)
instead of the hinge loss. This yields a fully di↵erentiable
objective amenable to second-order optimization techniques,
in particular Newton’s method.
We now provide the details of the method as well as ob-

servations of which steps are expressed using linear algebra
operations and can be accelerated using modern parallel ma-
chines like GPUs and CPUs.

5.1 Newton Optimization
1For notational convenience, we slightly abuse notation

and refer to D or J both as sets of indices and sets of actual
vectors.

Change of variable
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used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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nX
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s.t.
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i=1
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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of the box.
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with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
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problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.
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One solution is to map the inputs into a new space
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis
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Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
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original input space. In particular, it requires either precom-
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ing O(n2) space, or recomputing k(xi,xj) as it is needed,
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to satisfy ever increasing data set sizes. This motivates the
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recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
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must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.
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We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),
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and sets in cursive (J ) font. Specific entries in vectors or
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Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision
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the complexity of many classification problems.
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One solution is to map the inputs into a new space
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xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-
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Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
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it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.
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must utilize this memory location before it is kicked out
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Even though one can design good algorithms for dense
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operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
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can expect significant speedups by using these libraries out
of the box.
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tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
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with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
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training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-
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This allows the application of the kernel-trick [29], where
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allowing SVMs to learn a highly nonlinear decision bound-
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kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

Small basis set 
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tial methods for solving the dual formulation. These meth-
ods operate on a small working set of Lagrange multiplier
variables in each iteration, holding others constant. For ex-
ample, SMO heuristically selects two dual variables ↵i,↵j

and optimizes them analytically. LibSVM, a very popu-
lar tool for training SVMs, implements a variant [8] of this
method. In general, any small number of dual variables may
be optimized at once, with working set size representing a
tradeo↵ between work per iteration and number of iterations
required.

To our knowledge, all previous attempts to accelerate the
training of kernelized SVMs on GPUs have been direct im-
plementations of a dual decomposition method such as SMO.
GPU-LibSVM [2] takes the most straightforward approach
by modifying LibSVM to o✏oad computation of kernel ma-
trix rows to the GPU using the CUBLAS library. GPU SVM
[7] extends this approach by, in addition to computing kernel
rows on the GPU, also computing KKT condition updates
on the GPU. A similar approach and similar results were
demonstrated by cuSVM [6].

GTSVM [12] revisits the SVM dual decomposition prob-
lem, choosing a larger working set size (16) than LibSVM (2)
and SVM-Light (10) [20], to better utilize GPU resources.
This enables significant speedup over sequential decomposi-
tion methods with smaller working set sizes. Furthermore
GTSVM supports both multi-class SVMs and sparse train-
ing vectors, achieving the best published speedups of which
we are aware. Other GPU implementations of the SVM
dual problem include Multisvm [25], a multi-class special-
ized solver, and RPUSVM [34].

There are also several parallel implementations of dual
decomposition-based SVM solvers targeted toward multi-
cores or clusters. While some methods directly parallelize a
dual decomposition optimization [15] [13], many approaches
attempt some restructuring of the problem. A common ap-
proach is to partition the training set, optimize over the
partitions in parallel, and combine the resulting solutions
[10, 18, 19, 35].

One other dual method we encountered is the multiplica-
tive update method of Sha et al. [30], which utilizes large lin-
ear algebra operations. While a prototype implementation
demonstrated significant speedups, the memory requirement
and convergence rate on large problems rendered the method
infeasible for large scale SVMs.

Primal Optimization
Chapelle introduces a method for solving a kernelized ver-
sion of the primal SVM optimization problem in (1) [9]. The
representer theorem [23] is used to express the weights w in
the primal problem as a linear combination of training ex-
amples, parameterized by vector � 2 Rn:

w =
nX

i=1

�i�(xi). (4)

One can then substitute w from (4) in the primal formu-
lation in (1), with the result that to every instance of xi

is accessed as part of the inner product �(xi)
>�(xj). The

author then squares the hinge-loss to obtain a di↵erentiable
loss function and minimizes the resulting kernelized primal
optimization problem using Newton’s method. Although
a large amount of computation can be expressed in terms
of dense linear algebra operations, this approach shares the

same problem as the original dual formulation. The first sev-
eral Newton steps require the full or nearly the full kernel
matrix, resulting in a space complexity that is not scaleable.
Other approaches to solving the SVM in the primal for-

mulation [31, 37] have relied on stochastic gradient descent
to scale both linear and kernel SVMs, with notable success
on linear SVMs for large and often very high-dimensional
data.

5. SPARSE PRIMAL SVM
In this section, we provide details of LASP-SVM, which

is based on Keerthi et al.’s formulation of the primal
method[21]. This method is more scalable than Chapelle’s
primal optimization, since it builds up the support vectors
incrementally, rather than solving the exact problem to find
all support vectors. Initially all points have zero weight
(�i = 0 8i). In each iteration, the algorithm greedily selects
vectors—known as basis vectors—to assign nonzero weights.
This restricts w to a linear combination of basis vectors
J ⇢ D.1

w =
X

j2J

�j�(xj). (5)

The set of basis vectors J grows on every iteration, where
each vector is chosen heuristically from a candidate set ac-
cording to an estimate of their e↵ect on the objective. Since
all non-basis vector points have zero weight, only kernel rows
corresponding to these basis vectors need to be stored in
memory. As a result, the space complexity is now very man-
ageable.
In the following we will slightly abuse notation and refer

to the vector � 2 R|J | as � throughout, despite the fact
that its dimensionality changes as J grows. Rewriting the
objective (1) in terms of � 2 R|J |, we have

min
�,b

1
2
�>KJJ� +

C

2

nX

i=1

max(0, 1� yi(�
>kJ i + b))2. (6)

The nonlinear feature transformations �(xi) only appear im-
plicitly in dot products with other transformed input vec-
tors, allowing the entire optimization (6) to be rewritten in
terms of the kernel matrix K. Submatrices of the kernel ma-
trix K are denoted by KJI , referring to columns indexed
by I and rows indexed by J . The ith column of such a
submatrix is referred to as kJ i.
The new objective approximates the original SVM primal

objective in terms of a fixed, sparse set of “support vec-
tors”. If J = D then this optimization is the primal SVM
optimization of Chapelle [9]. Note that unlike the original
objective (1), the least squares hinge loss [33] is used in (6)
instead of the hinge loss. This yields a fully di↵erentiable
objective amenable to second-order optimization techniques,
in particular Newton’s method.
We now provide the details of the method as well as ob-

servations of which steps are expressed using linear algebra
operations and can be accelerated using modern parallel ma-
chines like GPUs and CPUs.

5.1 Newton Optimization
1For notational convenience, we slightly abuse notation

and refer to D or J both as sets of indices and sets of actual
vectors.

Change of variable

very fast convergence with computations expressed as dense linear algebra operations. As noted
in [10], the squared hinge loss leads to almost identical results as the absolute hinge loss—a claim
that we confirm in our experimental results. Similar to the multiplicative approach, this method
requires the computation of the entire kernel matrix, which renders it impractical for larger data
sets. We therefore do not include it in our experimental result section, which focuses on data sets
with prohibitively largesizes.

Sparse primal optimization. Keerthi et al. proposed a method to reduce the complexity of
Chapelle’s primal approach by restricting the support vectors to some subset of basis vectors
J ⇢ {1, . . . , n} so that j /2 J ) �j = 0. Then equation (3) becomes:
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�>KJJ� +
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2
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>
kJ i + b))2. (4)

Here, � hasbeen restricted to contain only those�i with i 2 J . KJJ is thekernel matrix between
only basis vectors, and kJ i is the kernel row of the ith training examplewith all basis vectors (i.e.,
thevector k(xk,xi) for each k 2 J ). As theset J is originally unknown, Keerthi et al. propose to
grow J with aheuristic. Initially, J isempty and thealgorithm then has two distinct stages that are
cycled. Basis vector selection: A small subset of the training set is randomly sampled, and then a
heuristic is used to estimate the reduction in loss from adding each input to J . Thehighest scoring
point is then greedily added toJ to get J 0 . Reoptimization: After acertain number of basisvectors
have been added to J 0 , (4) is optimized using J 0 as the basis vector set. This whole process of
gradually selecting basisvectorsand then re-optimizing repeatsuntil somestopping criterion ismet.
The resulting algorithm performsonly a few iterations in total, each of whichmakeuseof intensive
linear algebra computation. This method still requires the kernel matrix of basis vectors with all
training examples, requiring O(|J |n) space. In practice, |J | ⌧ n; however, this may still be a
concern, particularly onGPUswherememory availability ismore limited than RAM.
We reimplement this sparse primal SVM (SP-SVM) in MATLAB. For linear algebra operations on
multicores, we use a combination of built-in linear algebra functions and Intel MKL. For linear
algebra operations on the GPU, we use Jacket[1], a MATLAB toolkit for accelerating computa-
tions on GPUs. Additionally, we incorporate the freely available C++/CUDA package CUBLAS
[27] in caseswhere Jacket proves to be inefficient or lacks desired functionality. Because no stop-
ping criterion is suggested in the original publication [22], our implementation stops when, after
re-optimization, the change in training error divided by the number of basis vectors added in the
previousselection stage is less than some threshold ✏. Wewill releasean optimized C++ version of
SP-SVM for bothmulticoreandGPU architecturesat http://anonymized.

5 Results

This section presents an empirical evaluation of several of the algorithms described in sections 3
and 4 on two modern parallel architectures: multi-core CPUs (MC) and graphics processing units
(GPUs). Running timeand accuracy statisticson seven datasetsshow thebenefitsand drawbacksof
theapproaches included in our evaluation.

Hardware. Experiments are run on a12-coremachinewith Intel Xeon X5650 processors at 2.67
GHzwith hyperthreading enabled and 96GB of RAM. TheattachedNVIDIA TeslaC2075 graphics
card contains448 coresand 6GB of global memory.

Methods evaluated. The single-threaded CPU baselinemethod is LibSVM [9], a popular imple-
mentationof SMO,whichweuseasthebaselinefor classificationaccuracy. Onmulti-coresweeval-
uateamodified version of LibSVM which performskernel computations in parallel withOpenMP1.
Further, weevaluate our implementation of SP-SVM in MATLAB with Intel MKL BLAS functions
for matrix operations. For theGPU settings, wecompare two explicitly parallel GPU adaptationsof
dual decomposition: GPUSVM [8], anadaptationof LibSVM for GPUs, andGTSVM [13]. Wealso
include the implicitly parallel MATLAB implementation of SP-SVM, linked against the appropriate

1
http://www.csie.ntu.edu.tw/

˜

cjlin/libsvm/faq.html

5

SP-SVM Objective



machinelearning.wustl.edu

Sparse Primal SVM [Keerthi, 2006]

16

used by the operations is n⇥m+m⇥`, while the total num-
ber of compute operations are n⇥m⇥ `. For nearly square
matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
Throughout this paper we type vectors in bold (xi),

scalars in regular (C or b), matrices in capital bold (K)
and sets in cursive (J ) font. Specific entries in vectors or
matrices are scalars and follow the corresponding typing con-
vention, i.e. the ith, jth entry of matrix K is referred to as
Kij and the ith dimension of vector x is xi. In contrast, xi

refers to the ith vector within some ordered set x1, . . . ,xn.

Linear SVMs.
When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjxi
>xj +

nX

i=1

↵i (2)

s.t.

nX

i=1

↵iyi = 0

where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
computation of k(·, ·) is much faster and convenient than the
typically high-dimensional or even infeasible computation of
�(x). Replacing the inner product in (2) with such a kernel
function, we obtain

max
C�↵i�0

� 1
2

nX

i=1

nX

j=1

↵i↵jyiyjk(xi,xj) +
nX

i=1

↵i, (3)

allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
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location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.

3. SVM OPTIMIZATION
We first describe the SVM optimization problem.

Notation.
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training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:
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The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.

Kernelized SVMs.
One solution is to map the inputs into a new space

xi ! �(xi), where �(xi) is a nonlinear transformation of
xi. This mapping is generally to a higher (possibly infinite)
dimensional representation, but is readily addressed with
the dual formulation of (1):
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
the solution of (2) (for more details see [29]).
In the dual formulation (2), training instances xi are ex-

clusively used within inner products with other instances xj .
This allows the application of the kernel-trick [29], where
these inner-products are computed with a positive semi-
definite kernel function k(xi,xj) = �(xi)

>�(xj). Often, the
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typically high-dimensional or even infeasible computation of
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allowing SVMs to learn a highly nonlinear decision bound-
ary. While our work is not exclusive to any one specific
kernel function, we will focus primarily on the Radial Basis

Function (RBF) kernel: k(xi,xj) = e��||xi�xj ||2 . The RBF
kernel is particularly interesting because of its universal ap-
proximation properties [29] and its wide-spread application.
Further, its explicit feature representation �(xi) is infinite
dimensional and can at best be approximated [28] for ex-
plicit use in the primal formulation.
Although solving the SVM optimization in the dual for-

mulation (3) avoids the explicit feature computation �(xi),
it is typically still significantly slower than solving (1) in the
original input space. In particular, it requires either precom-
puting the kernel matrix K where Kij = k(xi,xj), requir-
ing O(n2) space, or recomputing k(xi,xj) as it is needed,
resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
adoption of SVM-specific optimization procedures.

4. RELATED WORK
The most common practical approaches to kernelized

SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.

Dual Decomposition
Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-
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matrices where n ⇡ m ⇡ `, the number of compute oper-
ations vastly outnumber the amount of memory accessed.
Therefore, there is high potential of memory reuse if the al-
gorithm is well-designed; in particular, each time a memory
location is brought into “fast memory” (cache for multicores
and shared memory for GPUs), many compute operations
must utilize this memory location before it is kicked out
again. Fortunately, it is possible to design such e�cient al-
gorithms for matrix multiplication for both GPUs and mul-
ticores. In addition, since matrix multiplication is highly
parallelizable, one can create the large number of threads
needed to hide latency on GPUs.

Even though one can design good algorithms for dense
linear algebra on GPUs and multicores, optimizing code for
these platforms is highly nontrivial and requires an enor-
mous engineering e↵ort. Fortunately, dense linear algebra
operations are the building blocks of many applications that
are of great interest to the high-performance community.
Therefore, many highly-optimized libraries have been cre-
ated, such as various parallel BLAS and LAPACK libraries,
Plasma [1] for multicores and Jacket, cuBLAS [26], and
Magma [1] for GPUs. Therefore, if we can redesign machine
learning algorithms to use matrix-matrix multiplication, we
can expect significant speedups by using these libraries out
of the box.
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Notation.
Throughout this paper we type vectors in bold (xi),
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When training a support vector machine, we are given a

training dataset D = {(x1, y1), ..., (xn, yn)} of feature vec-
tors xi 2 Rd with class labels yi 2 {�1,+1}. The goal of
the optimization is to find a hyperplane separating the two
classes with a maximum margin between the hyperplane and
the nearest training points of either class. (Binary classi-
fiers can easily be extended to multiclass settings through
pairwise coupling or similar approaches [14].) The primal
formulation of the SVM optimization problem [11] learns a
hyperplane parameterized by weight vector w with a scalar
o↵set b:

min
w,b

1
2
||w||2 + C

nX

i=1

max(0, 1� yi(w
>xi + b)). (1)

The first term in (1) is the `2 regularizer of the classifier and
the second term is the hinge loss over the training examples
with constant trade-o↵ C. This SVM formulation can be
solved e�ciently [16], using second order optimization tech-
niques [24, 22], stochastic gradient descent [3, 4, 31, 37],
or cutting plane techniques [17]. However, the optimization
problem as formulated is limited to learning a linear decision

boundary in the input space. This method is insu�cient for
the complexity of many classification problems.
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One solution is to map the inputs into a new space
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where a Lagrange multiplier variable ↵i corresponds to each
training example. At the end of optimization, only some
variables ↵i are nonzero, which are referred to as support
vectors. For convenience, henceforth, we omit the bias term
b, which can be solved for in a straight-forward fashion from
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In the dual formulation (2), training instances xi are ex-
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it is typically still significantly slower than solving (1) in the
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resulting in either a space or time complexity far too great
to satisfy ever increasing data set sizes. This motivates the
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SVM training are dual decomposition methods, while some
recent methods revisit the primal optimization.
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Decomposition methods, including Sequential Minimal Op-
timization (SMO) [27], are among the most e�cient sequen-

Small basis set 
(“support vectors”)

tial methods for solving the dual formulation. These meth-
ods operate on a small working set of Lagrange multiplier
variables in each iteration, holding others constant. For ex-
ample, SMO heuristically selects two dual variables ↵i,↵j

and optimizes them analytically. LibSVM, a very popu-
lar tool for training SVMs, implements a variant [8] of this
method. In general, any small number of dual variables may
be optimized at once, with working set size representing a
tradeo↵ between work per iteration and number of iterations
required.

To our knowledge, all previous attempts to accelerate the
training of kernelized SVMs on GPUs have been direct im-
plementations of a dual decomposition method such as SMO.
GPU-LibSVM [2] takes the most straightforward approach
by modifying LibSVM to o✏oad computation of kernel ma-
trix rows to the GPU using the CUBLAS library. GPU SVM
[7] extends this approach by, in addition to computing kernel
rows on the GPU, also computing KKT condition updates
on the GPU. A similar approach and similar results were
demonstrated by cuSVM [6].

GTSVM [12] revisits the SVM dual decomposition prob-
lem, choosing a larger working set size (16) than LibSVM (2)
and SVM-Light (10) [20], to better utilize GPU resources.
This enables significant speedup over sequential decomposi-
tion methods with smaller working set sizes. Furthermore
GTSVM supports both multi-class SVMs and sparse train-
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decomposition-based SVM solvers targeted toward multi-
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Primal Optimization
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sion of the primal SVM optimization problem in (1) [9]. The
representer theorem [23] is used to express the weights w in
the primal problem as a linear combination of training ex-
amples, parameterized by vector � 2 Rn:

w =
nX

i=1

�i�(xi). (4)

One can then substitute w from (4) in the primal formu-
lation in (1), with the result that to every instance of xi

is accessed as part of the inner product �(xi)
>�(xj). The

author then squares the hinge-loss to obtain a di↵erentiable
loss function and minimizes the resulting kernelized primal
optimization problem using Newton’s method. Although
a large amount of computation can be expressed in terms
of dense linear algebra operations, this approach shares the

same problem as the original dual formulation. The first sev-
eral Newton steps require the full or nearly the full kernel
matrix, resulting in a space complexity that is not scaleable.
Other approaches to solving the SVM in the primal for-

mulation [31, 37] have relied on stochastic gradient descent
to scale both linear and kernel SVMs, with notable success
on linear SVMs for large and often very high-dimensional
data.

5. SPARSE PRIMAL SVM
In this section, we provide details of LASP-SVM, which

is based on Keerthi et al.’s formulation of the primal
method[21]. This method is more scalable than Chapelle’s
primal optimization, since it builds up the support vectors
incrementally, rather than solving the exact problem to find
all support vectors. Initially all points have zero weight
(�i = 0 8i). In each iteration, the algorithm greedily selects
vectors—known as basis vectors—to assign nonzero weights.
This restricts w to a linear combination of basis vectors
J ⇢ D.1

w =
X

j2J

�j�(xj). (5)

The set of basis vectors J grows on every iteration, where
each vector is chosen heuristically from a candidate set ac-
cording to an estimate of their e↵ect on the objective. Since
all non-basis vector points have zero weight, only kernel rows
corresponding to these basis vectors need to be stored in
memory. As a result, the space complexity is now very man-
ageable.
In the following we will slightly abuse notation and refer

to the vector � 2 R|J | as � throughout, despite the fact
that its dimensionality changes as J grows. Rewriting the
objective (1) in terms of � 2 R|J |, we have

min
�,b

1
2
�>KJJ� +

C

2

nX

i=1

max(0, 1� yi(�
>kJ i + b))2. (6)

The nonlinear feature transformations �(xi) only appear im-
plicitly in dot products with other transformed input vec-
tors, allowing the entire optimization (6) to be rewritten in
terms of the kernel matrix K. Submatrices of the kernel ma-
trix K are denoted by KJI , referring to columns indexed
by I and rows indexed by J . The ith column of such a
submatrix is referred to as kJ i.
The new objective approximates the original SVM primal

objective in terms of a fixed, sparse set of “support vec-
tors”. If J = D then this optimization is the primal SVM
optimization of Chapelle [9]. Note that unlike the original
objective (1), the least squares hinge loss [33] is used in (6)
instead of the hinge loss. This yields a fully di↵erentiable
objective amenable to second-order optimization techniques,
in particular Newton’s method.
We now provide the details of the method as well as ob-

servations of which steps are expressed using linear algebra
operations and can be accelerated using modern parallel ma-
chines like GPUs and CPUs.

5.1 Newton Optimization
1For notational convenience, we slightly abuse notation

and refer to D or J both as sets of indices and sets of actual
vectors.

Change of variable

very fast convergence with computations expressed as dense linear algebra operations. As noted
in [10], the squared hinge loss leads to almost identical results as the absolute hinge loss—a claim
that we confirm in our experimental results. Similar to the multiplicative approach, this method
requires the computation of the entire kernel matrix, which renders it impractical for larger data
sets. We therefore do not include it in our experimental result section, which focuses on data sets
with prohibitively largesizes.

Sparse primal optimization. Keerthi et al. proposed a method to reduce the complexity of
Chapelle’s primal approach by restricting the support vectors to some subset of basis vectors
J ⇢ {1, . . . , n} so that j /2 J ) �j = 0. Then equation (3) becomes:

min

�,b

1

2

�>KJJ� +

C

2

nX

i=1

max(0, 1� yi(�
>
kJ i + b))2. (4)

Here, � hasbeen restricted to contain only those�i with i 2 J . KJJ is thekernel matrix between
only basis vectors, and kJ i is the kernel row of the ith training examplewith all basis vectors (i.e.,
thevector k(xk,xi) for each k 2 J ). As theset J is originally unknown, Keerthi et al. propose to
grow J with aheuristic. Initially, J isempty and thealgorithm then has two distinct stages that are
cycled. Basis vector selection: A small subset of the training set is randomly sampled, and then a
heuristic is used to estimate the reduction in loss from adding each input to J . Thehighest scoring
point is then greedily added toJ to get J 0 . Reoptimization: After acertain number of basisvectors
have been added to J 0 , (4) is optimized using J 0 as the basis vector set. This whole process of
gradually selecting basisvectorsand then re-optimizing repeatsuntil somestopping criterion ismet.
The resulting algorithm performsonly a few iterations in total, each of whichmakeuseof intensive
linear algebra computation. This method still requires the kernel matrix of basis vectors with all
training examples, requiring O(|J |n) space. In practice, |J | ⌧ n; however, this may still be a
concern, particularly onGPUswherememory availability ismore limited than RAM.
We reimplement this sparse primal SVM (SP-SVM) in MATLAB. For linear algebra operations on
multicores, we use a combination of built-in linear algebra functions and Intel MKL. For linear
algebra operations on the GPU, we use Jacket[1], a MATLAB toolkit for accelerating computa-
tions on GPUs. Additionally, we incorporate the freely available C++/CUDA package CUBLAS
[27] in caseswhere Jacket proves to be inefficient or lacks desired functionality. Because no stop-
ping criterion is suggested in the original publication [22], our implementation stops when, after
re-optimization, the change in training error divided by the number of basis vectors added in the
previousselection stage is less than some threshold ✏. Wewill releasean optimized C++ version of
SP-SVM for bothmulticoreandGPU architecturesat http://anonymized.

5 Results

This section presents an empirical evaluation of several of the algorithms described in sections 3
and 4 on two modern parallel architectures: multi-core CPUs (MC) and graphics processing units
(GPUs). Running timeand accuracy statisticson seven datasetsshow thebenefitsand drawbacksof
theapproaches included in our evaluation.

Hardware. Experiments are run on a12-coremachinewith Intel Xeon X5650 processors at 2.67
GHzwith hyperthreading enabled and 96GB of RAM. TheattachedNVIDIA TeslaC2075 graphics
card contains448 coresand 6GB of global memory.

Methods evaluated. The single-threaded CPU baselinemethod is LibSVM [9], a popular imple-
mentationof SMO,whichweuseasthebaselinefor classificationaccuracy. Onmulti-coresweeval-
uateamodified version of LibSVM which performskernel computations in parallel withOpenMP1.
Further, weevaluate our implementation of SP-SVM in MATLAB with Intel MKL BLAS functions
for matrix operations. For theGPU settings, wecompare two explicitly parallel GPU adaptationsof
dual decomposition: GPUSVM [8], anadaptationof LibSVM for GPUs, andGTSVM [13]. Wealso
include the implicitly parallel MATLAB implementation of SP-SVM, linked against the appropriate

1
http://www.csie.ntu.edu.tw/

˜

cjlin/libsvm/faq.html
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very fast convergence with computations expressed as dense linear algebra operations. As noted
in [10], the squared hinge loss leads to almost identical results as the absolute hinge loss—a claim
that we confirm in our experimental results. Similar to the multiplicative approach, this method
requires the computation of the entire kernel matrix, which renders it impractical for larger data
sets. We therefore do not include it in our experimental result section, which focuses on data sets
with prohibitively largesizes.

Sparse primal optimization. Keerthi et al. proposed a method to reduce the complexity of
Chapelle’s primal approach by restricting the support vectors to some subset of basis vectors
J ⇢ {1, . . . , n} so that j /2 J ) �j = 0. Then equation (3) becomes:
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Here, � hasbeen restricted to contain only those�i with i 2 J . KJJ is thekernel matrix between
only basis vectors, and kJ i is the kernel row of the ith training examplewith all basis vectors (i.e.,
thevector k(xk,xi) for each k 2 J ). As theset J is originally unknown, Keerthi et al. propose to
grow J with aheuristic. Initially, J isempty and thealgorithm then has two distinct stages that are
cycled. Basis vector selection: A small subset of the training set is randomly sampled, and then a
heuristic is used to estimate the reduction in loss from adding each input to J . Thehighest scoring
point is then greedily added toJ to get J 0 . Reoptimization: After acertain number of basisvectors
have been added to J 0 , (4) is optimized using J 0 as the basis vector set. This whole process of
gradually selecting basisvectorsand then re-optimizing repeatsuntil somestopping criterion ismet.
The resulting algorithm performsonly a few iterations in total, each of whichmakeuseof intensive
linear algebra computation. This method still requires the kernel matrix of basis vectors with all
training examples, requiring O(|J |n) space. In practice, |J | ⌧ n; however, this may still be a
concern, particularly onGPUswherememory availability ismore limited than RAM.
We reimplement this sparse primal SVM (SP-SVM) in MATLAB. For linear algebra operations on
multicores, we use a combination of built-in linear algebra functions and Intel MKL. For linear
algebra operations on the GPU, we use Jacket[1], a MATLAB toolkit for accelerating computa-
tions on GPUs. Additionally, we incorporate the freely available C++/CUDA package CUBLAS
[27] in caseswhere Jacket proves to be inefficient or lacks desired functionality. Because no stop-
ping criterion is suggested in the original publication [22], our implementation stops when, after
re-optimization, the change in training error divided by the number of basis vectors added in the
previousselection stage is less than some threshold ✏. Wewill releasean optimized C++ version of
SP-SVM for bothmulticoreandGPU architecturesat http://anonymized.

5 Results

This section presents an empirical evaluation of several of the algorithms described in sections 3
and 4 on two modern parallel architectures: multi-core CPUs (MC) and graphics processing units
(GPUs). Running timeand accuracy statisticson seven datasetsshow thebenefitsand drawbacksof
theapproaches included in our evaluation.

Hardware. Experiments are run on a12-coremachinewith Intel Xeon X5650 processors at 2.67
GHzwith hyperthreading enabled and 96GB of RAM. TheattachedNVIDIA TeslaC2075 graphics
card contains448 coresand 6GB of global memory.

Methods evaluated. The single-threaded CPU baselinemethod is LibSVM [9], a popular imple-
mentationof SMO,whichweuseasthebaselinefor classificationaccuracy. Onmulti-coresweeval-
uateamodified version of LibSVM which performskernel computations in parallel withOpenMP1.
Further, weevaluate our implementation of SP-SVM in MATLAB with Intel MKL BLAS functions
for matrix operations. For theGPU settings, wecompare two explicitly parallel GPU adaptationsof
dual decomposition: GPUSVM [8], anadaptationof LibSVM for GPUs, andGTSVM [13]. Wealso
include the implicitly parallel MATLAB implementation of SP-SVM, linked against the appropriate
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very fast convergence with computations expressed as dense linear algebra operations. As noted
in [10], the squared hinge loss leads to almost identical results as the absolute hinge loss—a claim
that we confirm in our experimental results. Similar to the multiplicative approach, this method
requires the computation of the entire kernel matrix, which renders it impractical for larger data
sets. We therefore do not include it in our experimental result section, which focuses on data sets
with prohibitively largesizes.

Sparse primal optimization. Keerthi et al. proposed a method to reduce the complexity of
Chapelle’s primal approach by restricting the support vectors to some subset of basis vectors
J ⇢ {1, . . . , n} so that j /2 J ) �j = 0. Then equation (3) becomes:
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Here, � hasbeen restricted to contain only those�i with i 2 J . KJJ is thekernel matrix between
only basis vectors, and kJ i is the kernel row of the ith training examplewith all basis vectors (i.e.,
thevector k(xk,xi) for each k 2 J ). As theset J is originally unknown, Keerthi et al. propose to
grow J with aheuristic. Initially, J isempty and thealgorithm then has two distinct stages that are
cycled. Basis vector selection: A small subset of the training set is randomly sampled, and then a
heuristic is used to estimate the reduction in loss from adding each input to J . Thehighest scoring
point is then greedily added toJ to get J 0 . Reoptimization: After acertain number of basisvectors
have been added to J 0 , (4) is optimized using J 0 as the basis vector set. This whole process of
gradually selecting basisvectorsand then re-optimizing repeatsuntil somestopping criterion ismet.
The resulting algorithm performsonly a few iterations in total, each of whichmakeuseof intensive
linear algebra computation. This method still requires the kernel matrix of basis vectors with all
training examples, requiring O(|J |n) space. In practice, |J | ⌧ n; however, this may still be a
concern, particularly onGPUswherememory availability ismore limited than RAM.
We reimplement this sparse primal SVM (SP-SVM) in MATLAB. For linear algebra operations on
multicores, we use a combination of built-in linear algebra functions and Intel MKL. For linear
algebra operations on the GPU, we use Jacket[1], a MATLAB toolkit for accelerating computa-
tions on GPUs. Additionally, we incorporate the freely available C++/CUDA package CUBLAS
[27] in caseswhere Jacket proves to be inefficient or lacks desired functionality. Because no stop-
ping criterion is suggested in the original publication [22], our implementation stops when, after
re-optimization, the change in training error divided by the number of basis vectors added in the
previousselection stage is less than some threshold ✏. Wewill releasean optimized C++ version of
SP-SVM for bothmulticoreandGPU architecturesat http://anonymized.

5 Results

This section presents an empirical evaluation of several of the algorithms described in sections 3
and 4 on two modern parallel architectures: multi-core CPUs (MC) and graphics processing units
(GPUs). Running timeand accuracy statisticson seven datasetsshow thebenefitsand drawbacksof
theapproaches included in our evaluation.

Hardware. Experiments are run on a12-coremachinewith Intel Xeon X5650 processors at 2.67
GHzwith hyperthreading enabled and 96GB of RAM. TheattachedNVIDIA TeslaC2075 graphics
card contains448 coresand 6GB of global memory.

Methods evaluated. The single-threaded CPU baselinemethod is LibSVM [9], a popular imple-
mentationof SMO,whichweuseasthebaselinefor classificationaccuracy. Onmulti-coresweeval-
uateamodified version of LibSVM which performskernel computations in parallel withOpenMP1.
Further, weevaluate our implementation of SP-SVM in MATLAB with Intel MKL BLAS functions
for matrix operations. For theGPU settings, wecompare two explicitly parallel GPU adaptationsof
dual decomposition: GPUSVM [8], anadaptationof LibSVM for GPUs, andGTSVM [13]. Wealso
include the implicitly parallel MATLAB implementation of SP-SVM, linked against the appropriate
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Suppose we begin with a pre-chosen set of basis vectors
J . The optimization (6) may be solved by Newton steps on
�. Let indices I = {i : 1�yi�

>KJ i � 0} ✓ D correspond to
training instances which contribute to the loss in the objec-
tive function. These are the points that violate the margin,
whether they fall on the wrong side of the hyperplane or
are merely within a unit distance. Note that the bias term
b is omitted from the following equations for convenience,
but may be easily included as shown in [9] and has been
incorporated in our implementation.

Gradient.
Taking the gradient of (6) with respect to �, we obtain

the vector g 2 R|J |,

g = KJJ� � CKJI(yI � �>KJI). (7)

The gradient is the sum of two matrix-vector products.
The first of these products, the multiplication KJJ� be-
tween a |J |⇥|J | matrix and a vector of length |J |, captures
the regularization of �. The second multiplication accounts
for margin violations.

Observations for Optimization: While the matrix-
vector multiplication of the gradient calculation is a linear
algebra operation, we do not o✏oad it to the GPU since
each matrix row is used just once, and the memory access
latency and the transfer latency from DRAM to GPU mem-
ory can not be e↵ectively hidden. However, on the CPU, we
do use linear algebra libraries for the e�cient execution of
this step.

Hessian.
Di↵erentiating again with respect to �, we have the Hes-

sian H 2 R|J |⇥|J |, where

H = KJJ + CKJIKJI
>. (8)

Typically, for smooth, unconstrained minimization prob-
lems on CPUs, it is more e�cient to use quasi-newton meth-
ods [5, 36], which approximate the Hessian matrix and avoid
its costly computation, at the price of slower convergence.
In our case, as we can express the Hessian matrix entirely
in terms of dense matrix matrix multiplications (8), we can
obtain massive speedups through parallel hardware and the
exact Newton method becomes very attractive.

The Hessian is the sum of two |J | ⇥ |J | matrices. The
first matrix KJJ captures partial second derivatives of the
regularization term. The second matrix is the outer product
matrix between a |J |⇥ |I| kernel submatrix and itself.
Observations for Optimization: In general, matrix

multiplication is very naturally implemented on parallel ma-
chines, especially GPUs. However, the matrix multiplica-
tion in (8) presents a special case as KJI quickly grows too
large to store on the GPU. To compute on the GPU, the
matrix must be transferred from the CPU and computed
on the GPU in blocks. A naive implementation in which
blocks of the kernel are synchronously transferred to the
GPU between computations yields little speedup over com-
puting directly on the CPU. While the block computations
themselves are noticeably faster on the GPU, the transfer
latency between CPU RAM and GPU global memory is sig-
nificant. However, we make use of multiple asynchronous
streams of CPU-to-GPU memory transfers of small blocks
with interleaved matrix multiplication.

Iterative update.
To solve for weights �, we take Newton steps of the form

�0 = � �H�1g. (9)

In practice, very high accuracy can be achieved with a set
of basis vectors that is much smaller than the set of training
instances, |J | ⌧ n. This renders the Newton optimization
tractable, even on large problems. Computing H and g is
O(n|J |), while H�1g is O(|J |3). The significant costs are
incurred while computing the Hessian and gradient. Both
require |J | rows of the kernel matrix K, and the Hessian
involves the costly matrix multiplication KJIKJI

>.
Generally only a few Newton steps are required for con-

vergence, between which margin violations I and gradient g
must be recomputed, since they are functions of �. Since we
are using quadratic penalization of errors in (6), the Hessian
is constant in � and changes only in response to changes in
the set of loss inducing inputs I. Consequently, only small
incremental updates to the Hessian are required between
Newton steps.

5.2 Adding Basis Vectors
Solving the optimization in practice without an a priori

set of basis vectors requires a two phase approach. Begin-
ning with an empty basis set J 0, basis vectors are added
greedily, J k+1 = J k + {ck+1}. To select each basis vector,
a candidate set C, of some small size e.g. 10, is randomly
sampled from the training examples. Each new basis vector
is chosen from a candidate set to minimize the objective (6)
assuming the existing weights � 2 Rk are held constant,
which can be computed in closed form. The candidate with
the largest estimated improvement is chosen.
Then all weights (now � 2 Rk+1) are optimized by New-

ton steps to minimize (6) over the increased basis set J k+1.
The cycle repeats until a maximum number of basis vectors
is reached or a stopping criterion is met.
As the size of the basis set increases, the contribution of

each additional vector becomes smaller. Given also that re-
optimizing � with Newton steps becomes more expensive as
the basis vector set grows, in practice, an increasing num-
ber of new basis vectors are selected between subsequent
re-optimization steps.
It should be noted that it is not necessary to recompute

the Hessian from scratch between steps. After a set J̃ of new
basis vectors is selected, we must account for the changes in
the KJJ and KJIKJI

> terms in the Hessian computation
(8), since J must change to incorporate J̃ . It su�ces to
compute an update to the Hessian based on the new basis
vectors chosen and the updated set of error vectors I. More
details about both the Hessian update and the basis vector
selection heuristics are found in [21].
Observations for Optimizations: There are two ways

in which we optimize the candidate selection process. First,
the bulk of the time in the scoring process for each can-
didate is in computing the kernel rows KCI for each can-
didate xC and points violating the margin xI . The kernel
computation itself can be easily performed using existing
highly-optimized code for linear algebra operations on the
GPU or CPU. Second, each submatrix KCI is narrow – just
a few rows – but matrix operations generally scale better
for larger matrices. By grouping several candidate sets (be-
tween Newton reoptimizations, error vectors I are held con-
stant), several smaller operations are consolidated into one

Suppose we begin with a pre-chosen set of basis vectors
J . The optimization (6) may be solved by Newton steps on
�. Let indices I = {i : 1�yi�

>KJ i � 0} ✓ D correspond to
training instances which contribute to the loss in the objec-
tive function. These are the points that violate the margin,
whether they fall on the wrong side of the hyperplane or
are merely within a unit distance. Note that the bias term
b is omitted from the following equations for convenience,
but may be easily included as shown in [9] and has been
incorporated in our implementation.

Gradient.
Taking the gradient of (6) with respect to �, we obtain

the vector g 2 R|J |,

g = KJJ� � CKJI(yI � �>KJI). (7)

The gradient is the sum of two matrix-vector products.
The first of these products, the multiplication KJJ� be-
tween a |J |⇥|J | matrix and a vector of length |J |, captures
the regularization of �. The second multiplication accounts
for margin violations.

Observations for Optimization: While the matrix-
vector multiplication of the gradient calculation is a linear
algebra operation, we do not o✏oad it to the GPU since
each matrix row is used just once, and the memory access
latency and the transfer latency from DRAM to GPU mem-
ory can not be e↵ectively hidden. However, on the CPU, we
do use linear algebra libraries for the e�cient execution of
this step.

Hessian.
Di↵erentiating again with respect to �, we have the Hes-

sian H 2 R|J |⇥|J |, where

H = KJJ + CKJIKJI
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Typically, for smooth, unconstrained minimization prob-
lems on CPUs, it is more e�cient to use quasi-newton meth-
ods [5, 36], which approximate the Hessian matrix and avoid
its costly computation, at the price of slower convergence.
In our case, as we can express the Hessian matrix entirely
in terms of dense matrix matrix multiplications (8), we can
obtain massive speedups through parallel hardware and the
exact Newton method becomes very attractive.

The Hessian is the sum of two |J | ⇥ |J | matrices. The
first matrix KJJ captures partial second derivatives of the
regularization term. The second matrix is the outer product
matrix between a |J |⇥ |I| kernel submatrix and itself.
Observations for Optimization: In general, matrix

multiplication is very naturally implemented on parallel ma-
chines, especially GPUs. However, the matrix multiplica-
tion in (8) presents a special case as KJI quickly grows too
large to store on the GPU. To compute on the GPU, the
matrix must be transferred from the CPU and computed
on the GPU in blocks. A naive implementation in which
blocks of the kernel are synchronously transferred to the
GPU between computations yields little speedup over com-
puting directly on the CPU. While the block computations
themselves are noticeably faster on the GPU, the transfer
latency between CPU RAM and GPU global memory is sig-
nificant. However, we make use of multiple asynchronous
streams of CPU-to-GPU memory transfers of small blocks
with interleaved matrix multiplication.

Iterative update.
To solve for weights �, we take Newton steps of the form

�0 = � �H�1g. (9)

In practice, very high accuracy can be achieved with a set
of basis vectors that is much smaller than the set of training
instances, |J | ⌧ n. This renders the Newton optimization
tractable, even on large problems. Computing H and g is
O(n|J |), while H�1g is O(|J |3). The significant costs are
incurred while computing the Hessian and gradient. Both
require |J | rows of the kernel matrix K, and the Hessian
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Generally only a few Newton steps are required for con-

vergence, between which margin violations I and gradient g
must be recomputed, since they are functions of �. Since we
are using quadratic penalization of errors in (6), the Hessian
is constant in � and changes only in response to changes in
the set of loss inducing inputs I. Consequently, only small
incremental updates to the Hessian are required between
Newton steps.

5.2 Adding Basis Vectors
Solving the optimization in practice without an a priori

set of basis vectors requires a two phase approach. Begin-
ning with an empty basis set J 0, basis vectors are added
greedily, J k+1 = J k + {ck+1}. To select each basis vector,
a candidate set C, of some small size e.g. 10, is randomly
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is chosen from a candidate set to minimize the objective (6)
assuming the existing weights � 2 Rk are held constant,
which can be computed in closed form. The candidate with
the largest estimated improvement is chosen.
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each additional vector becomes smaller. Given also that re-
optimizing � with Newton steps becomes more expensive as
the basis vector set grows, in practice, an increasing num-
ber of new basis vectors are selected between subsequent
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It should be noted that it is not necessary to recompute

the Hessian from scratch between steps. After a set J̃ of new
basis vectors is selected, we must account for the changes in
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the bulk of the time in the scoring process for each can-
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very fast convergence with computations expressed as dense linear algebra operations. As noted
in [10], the squared hinge loss leads to almost identical results as the absolute hinge loss—a claim
that we confirm in our experimental results. Similar to the multiplicative approach, this method
requires the computation of the entire kernel matrix, which renders it impractical for larger data
sets. We therefore do not include it in our experimental result section, which focuses on data sets
with prohibitively largesizes.

Sparse primal optimization. Keerthi et al. proposed a method to reduce the complexity of
Chapelle’s primal approach by restricting the support vectors to some subset of basis vectors
J ⇢ {1, . . . , n} so that j /2 J ) �j = 0. Then equation (3) becomes:

min

�,b

1

2

�>KJJ� +

C

2

nX

i=1

max(0, 1� yi(�
>
kJ i + b))2. (4)

Here, � hasbeen restricted to contain only those�i with i 2 J . KJJ is thekernel matrix between
only basis vectors, and kJ i is the kernel row of the ith training examplewith all basis vectors (i.e.,
thevector k(xk,xi) for each k 2 J ). As theset J is originally unknown, Keerthi et al. propose to
grow J with aheuristic. Initially, J isempty and thealgorithm then has two distinct stages that are
cycled. Basis vector selection: A small subset of the training set is randomly sampled, and then a
heuristic is used to estimate the reduction in loss from adding each input to J . Thehighest scoring
point is then greedily added toJ to get J 0 . Reoptimization: After acertain number of basisvectors
have been added to J 0 , (4) is optimized using J 0 as the basis vector set. This whole process of
gradually selecting basisvectorsand then re-optimizing repeatsuntil somestopping criterion ismet.
The resulting algorithm performsonly a few iterations in total, each of whichmakeuseof intensive
linear algebra computation. This method still requires the kernel matrix of basis vectors with all
training examples, requiring O(|J |n) space. In practice, |J | ⌧ n; however, this may still be a
concern, particularly onGPUswherememory availability ismore limited than RAM.
We reimplement this sparse primal SVM (SP-SVM) in MATLAB. For linear algebra operations on
multicores, we use a combination of built-in linear algebra functions and Intel MKL. For linear
algebra operations on the GPU, we use Jacket[1], a MATLAB toolkit for accelerating computa-
tions on GPUs. Additionally, we incorporate the freely available C++/CUDA package CUBLAS
[27] in caseswhere Jacket proves to be inefficient or lacks desired functionality. Because no stop-
ping criterion is suggested in the original publication [22], our implementation stops when, after
re-optimization, the change in training error divided by the number of basis vectors added in the
previousselection stage is less than some threshold ✏. Wewill releasean optimized C++ version of
SP-SVM for bothmulticoreandGPU architecturesat http://anonymized.

5 Results

This section presents an empirical evaluation of several of the algorithms described in sections 3
and 4 on two modern parallel architectures: multi-core CPUs (MC) and graphics processing units
(GPUs). Running timeand accuracy statisticson seven datasetsshow thebenefitsand drawbacksof
theapproaches included in our evaluation.

Hardware. Experiments are run on a12-coremachinewith Intel Xeon X5650 processors at 2.67
GHzwith hyperthreading enabled and 96GB of RAM. TheattachedNVIDIA TeslaC2075 graphics
card contains448 coresand 6GB of global memory.

Methods evaluated. The single-threaded CPU baselinemethod is LibSVM [9], a popular imple-
mentationof SMO,whichweuseasthebaselinefor classificationaccuracy. Onmulti-coresweeval-
uateamodified version of LibSVM which performskernel computations in parallel withOpenMP1.
Further, weevaluate our implementation of SP-SVM in MATLAB with Intel MKL BLAS functions
for matrix operations. For theGPU settings, wecompare two explicitly parallel GPU adaptationsof
dual decomposition: GPUSVM [8], anadaptationof LibSVM for GPUs, andGTSVM [13]. Wealso
include the implicitly parallel MATLAB implementation of SP-SVM, linked against the appropriate

1
http://www.csie.ntu.edu.tw/

˜

cjlin/libsvm/faq.html

5

SP-SVM Objective

Matrix/Vector Multiply Matrix/Matrix Multiply Linear System Solver

Suppose we begin with a pre-chosen set of basis vectors
J . The optimization (6) may be solved by Newton steps on
�. Let indices I = {i : 1�yi�

>KJ i � 0} ✓ D correspond to
training instances which contribute to the loss in the objec-
tive function. These are the points that violate the margin,
whether they fall on the wrong side of the hyperplane or
are merely within a unit distance. Note that the bias term
b is omitted from the following equations for convenience,
but may be easily included as shown in [9] and has been
incorporated in our implementation.

Gradient.
Taking the gradient of (6) with respect to �, we obtain

the vector g 2 R|J |,

g = KJJ� � CKJI(yI � �>KJI). (7)

The gradient is the sum of two matrix-vector products.
The first of these products, the multiplication KJJ� be-
tween a |J |⇥|J | matrix and a vector of length |J |, captures
the regularization of �. The second multiplication accounts
for margin violations.

Observations for Optimization: While the matrix-
vector multiplication of the gradient calculation is a linear
algebra operation, we do not o✏oad it to the GPU since
each matrix row is used just once, and the memory access
latency and the transfer latency from DRAM to GPU mem-
ory can not be e↵ectively hidden. However, on the CPU, we
do use linear algebra libraries for the e�cient execution of
this step.

Hessian.
Di↵erentiating again with respect to �, we have the Hes-

sian H 2 R|J |⇥|J |, where

H = KJJ + CKJIKJI
>. (8)

Typically, for smooth, unconstrained minimization prob-
lems on CPUs, it is more e�cient to use quasi-newton meth-
ods [5, 36], which approximate the Hessian matrix and avoid
its costly computation, at the price of slower convergence.
In our case, as we can express the Hessian matrix entirely
in terms of dense matrix matrix multiplications (8), we can
obtain massive speedups through parallel hardware and the
exact Newton method becomes very attractive.

The Hessian is the sum of two |J | ⇥ |J | matrices. The
first matrix KJJ captures partial second derivatives of the
regularization term. The second matrix is the outer product
matrix between a |J |⇥ |I| kernel submatrix and itself.
Observations for Optimization: In general, matrix

multiplication is very naturally implemented on parallel ma-
chines, especially GPUs. However, the matrix multiplica-
tion in (8) presents a special case as KJI quickly grows too
large to store on the GPU. To compute on the GPU, the
matrix must be transferred from the CPU and computed
on the GPU in blocks. A naive implementation in which
blocks of the kernel are synchronously transferred to the
GPU between computations yields little speedup over com-
puting directly on the CPU. While the block computations
themselves are noticeably faster on the GPU, the transfer
latency between CPU RAM and GPU global memory is sig-
nificant. However, we make use of multiple asynchronous
streams of CPU-to-GPU memory transfers of small blocks
with interleaved matrix multiplication.

Iterative update.
To solve for weights �, we take Newton steps of the form

�0 = � �H�1g. (9)

In practice, very high accuracy can be achieved with a set
of basis vectors that is much smaller than the set of training
instances, |J | ⌧ n. This renders the Newton optimization
tractable, even on large problems. Computing H and g is
O(n|J |), while H�1g is O(|J |3). The significant costs are
incurred while computing the Hessian and gradient. Both
require |J | rows of the kernel matrix K, and the Hessian
involves the costly matrix multiplication KJIKJI

>.
Generally only a few Newton steps are required for con-

vergence, between which margin violations I and gradient g
must be recomputed, since they are functions of �. Since we
are using quadratic penalization of errors in (6), the Hessian
is constant in � and changes only in response to changes in
the set of loss inducing inputs I. Consequently, only small
incremental updates to the Hessian are required between
Newton steps.

5.2 Adding Basis Vectors
Solving the optimization in practice without an a priori

set of basis vectors requires a two phase approach. Begin-
ning with an empty basis set J 0, basis vectors are added
greedily, J k+1 = J k + {ck+1}. To select each basis vector,
a candidate set C, of some small size e.g. 10, is randomly
sampled from the training examples. Each new basis vector
is chosen from a candidate set to minimize the objective (6)
assuming the existing weights � 2 Rk are held constant,
which can be computed in closed form. The candidate with
the largest estimated improvement is chosen.
Then all weights (now � 2 Rk+1) are optimized by New-

ton steps to minimize (6) over the increased basis set J k+1.
The cycle repeats until a maximum number of basis vectors
is reached or a stopping criterion is met.
As the size of the basis set increases, the contribution of

each additional vector becomes smaller. Given also that re-
optimizing � with Newton steps becomes more expensive as
the basis vector set grows, in practice, an increasing num-
ber of new basis vectors are selected between subsequent
re-optimization steps.
It should be noted that it is not necessary to recompute

the Hessian from scratch between steps. After a set J̃ of new
basis vectors is selected, we must account for the changes in
the KJJ and KJIKJI

> terms in the Hessian computation
(8), since J must change to incorporate J̃ . It su�ces to
compute an update to the Hessian based on the new basis
vectors chosen and the updated set of error vectors I. More
details about both the Hessian update and the basis vector
selection heuristics are found in [21].
Observations for Optimizations: There are two ways

in which we optimize the candidate selection process. First,
the bulk of the time in the scoring process for each can-
didate is in computing the kernel rows KCI for each can-
didate xC and points violating the margin xI . The kernel
computation itself can be easily performed using existing
highly-optimized code for linear algebra operations on the
GPU or CPU. Second, each submatrix KCI is narrow – just
a few rows – but matrix operations generally scale better
for larger matrices. By grouping several candidate sets (be-
tween Newton reoptimizations, error vectors I are held con-
stant), several smaller operations are consolidated into one

Suppose we begin with a pre-chosen set of basis vectors
J . The optimization (6) may be solved by Newton steps on
�. Let indices I = {i : 1�yi�

>KJ i � 0} ✓ D correspond to
training instances which contribute to the loss in the objec-
tive function. These are the points that violate the margin,
whether they fall on the wrong side of the hyperplane or
are merely within a unit distance. Note that the bias term
b is omitted from the following equations for convenience,
but may be easily included as shown in [9] and has been
incorporated in our implementation.

Gradient.
Taking the gradient of (6) with respect to �, we obtain

the vector g 2 R|J |,

g = KJJ� � CKJI(yI � �>KJI). (7)

The gradient is the sum of two matrix-vector products.
The first of these products, the multiplication KJJ� be-
tween a |J |⇥|J | matrix and a vector of length |J |, captures
the regularization of �. The second multiplication accounts
for margin violations.

Observations for Optimization: While the matrix-
vector multiplication of the gradient calculation is a linear
algebra operation, we do not o✏oad it to the GPU since
each matrix row is used just once, and the memory access
latency and the transfer latency from DRAM to GPU mem-
ory can not be e↵ectively hidden. However, on the CPU, we
do use linear algebra libraries for the e�cient execution of
this step.

Hessian.
Di↵erentiating again with respect to �, we have the Hes-

sian H 2 R|J |⇥|J |, where

H = KJJ + CKJIKJI
>. (8)

Typically, for smooth, unconstrained minimization prob-
lems on CPUs, it is more e�cient to use quasi-newton meth-
ods [5, 36], which approximate the Hessian matrix and avoid
its costly computation, at the price of slower convergence.
In our case, as we can express the Hessian matrix entirely
in terms of dense matrix matrix multiplications (8), we can
obtain massive speedups through parallel hardware and the
exact Newton method becomes very attractive.

The Hessian is the sum of two |J | ⇥ |J | matrices. The
first matrix KJJ captures partial second derivatives of the
regularization term. The second matrix is the outer product
matrix between a |J |⇥ |I| kernel submatrix and itself.
Observations for Optimization: In general, matrix

multiplication is very naturally implemented on parallel ma-
chines, especially GPUs. However, the matrix multiplica-
tion in (8) presents a special case as KJI quickly grows too
large to store on the GPU. To compute on the GPU, the
matrix must be transferred from the CPU and computed
on the GPU in blocks. A naive implementation in which
blocks of the kernel are synchronously transferred to the
GPU between computations yields little speedup over com-
puting directly on the CPU. While the block computations
themselves are noticeably faster on the GPU, the transfer
latency between CPU RAM and GPU global memory is sig-
nificant. However, we make use of multiple asynchronous
streams of CPU-to-GPU memory transfers of small blocks
with interleaved matrix multiplication.

Iterative update.
To solve for weights �, we take Newton steps of the form

�0 = � �H�1g. (9)

In practice, very high accuracy can be achieved with a set
of basis vectors that is much smaller than the set of training
instances, |J | ⌧ n. This renders the Newton optimization
tractable, even on large problems. Computing H and g is
O(n|J |), while H�1g is O(|J |3). The significant costs are
incurred while computing the Hessian and gradient. Both
require |J | rows of the kernel matrix K, and the Hessian
involves the costly matrix multiplication KJIKJI
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Generally only a few Newton steps are required for con-

vergence, between which margin violations I and gradient g
must be recomputed, since they are functions of �. Since we
are using quadratic penalization of errors in (6), the Hessian
is constant in � and changes only in response to changes in
the set of loss inducing inputs I. Consequently, only small
incremental updates to the Hessian are required between
Newton steps.

5.2 Adding Basis Vectors
Solving the optimization in practice without an a priori

set of basis vectors requires a two phase approach. Begin-
ning with an empty basis set J 0, basis vectors are added
greedily, J k+1 = J k + {ck+1}. To select each basis vector,
a candidate set C, of some small size e.g. 10, is randomly
sampled from the training examples. Each new basis vector
is chosen from a candidate set to minimize the objective (6)
assuming the existing weights � 2 Rk are held constant,
which can be computed in closed form. The candidate with
the largest estimated improvement is chosen.
Then all weights (now � 2 Rk+1) are optimized by New-

ton steps to minimize (6) over the increased basis set J k+1.
The cycle repeats until a maximum number of basis vectors
is reached or a stopping criterion is met.
As the size of the basis set increases, the contribution of

each additional vector becomes smaller. Given also that re-
optimizing � with Newton steps becomes more expensive as
the basis vector set grows, in practice, an increasing num-
ber of new basis vectors are selected between subsequent
re-optimization steps.
It should be noted that it is not necessary to recompute

the Hessian from scratch between steps. After a set J̃ of new
basis vectors is selected, we must account for the changes in
the KJJ and KJIKJI

> terms in the Hessian computation
(8), since J must change to incorporate J̃ . It su�ces to
compute an update to the Hessian based on the new basis
vectors chosen and the updated set of error vectors I. More
details about both the Hessian update and the basis vector
selection heuristics are found in [21].
Observations for Optimizations: There are two ways

in which we optimize the candidate selection process. First,
the bulk of the time in the scoring process for each can-
didate is in computing the kernel rows KCI for each can-
didate xC and points violating the margin xI . The kernel
computation itself can be easily performed using existing
highly-optimized code for linear algebra operations on the
GPU or CPU. Second, each submatrix KCI is narrow – just
a few rows – but matrix operations generally scale better
for larger matrices. By grouping several candidate sets (be-
tween Newton reoptimizations, error vectors I are held con-
stant), several smaller operations are consolidated into one
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Suppose we begin with a pre-chosen set of basis vectors
J . The optimization (6) may be solved by Newton steps on
�. Let indices I = {i : 1�yi�

>KJ i � 0} ✓ D correspond to
training instances which contribute to the loss in the objec-
tive function. These are the points that violate the margin,
whether they fall on the wrong side of the hyperplane or
are merely within a unit distance. Note that the bias term
b is omitted from the following equations for convenience,
but may be easily included as shown in [9] and has been
incorporated in our implementation.

Gradient.
Taking the gradient of (6) with respect to �, we obtain

the vector g 2 R|J |,

g = KJJ� � CKJI(yI � �>KJI). (7)

The gradient is the sum of two matrix-vector products.
The first of these products, the multiplication KJJ� be-
tween a |J |⇥|J | matrix and a vector of length |J |, captures
the regularization of �. The second multiplication accounts
for margin violations.

Observations for Optimization: While the matrix-
vector multiplication of the gradient calculation is a linear
algebra operation, we do not o✏oad it to the GPU since
each matrix row is used just once, and the memory access
latency and the transfer latency from DRAM to GPU mem-
ory can not be e↵ectively hidden. However, on the CPU, we
do use linear algebra libraries for the e�cient execution of
this step.

Hessian.
Di↵erentiating again with respect to �, we have the Hes-

sian H 2 R|J |⇥|J |, where

H = KJJ + CKJIKJI
>. (8)

Typically, for smooth, unconstrained minimization prob-
lems on CPUs, it is more e�cient to use quasi-newton meth-
ods [5, 36], which approximate the Hessian matrix and avoid
its costly computation, at the price of slower convergence.
In our case, as we can express the Hessian matrix entirely
in terms of dense matrix matrix multiplications (8), we can
obtain massive speedups through parallel hardware and the
exact Newton method becomes very attractive.

The Hessian is the sum of two |J | ⇥ |J | matrices. The
first matrix KJJ captures partial second derivatives of the
regularization term. The second matrix is the outer product
matrix between a |J |⇥ |I| kernel submatrix and itself.
Observations for Optimization: In general, matrix

multiplication is very naturally implemented on parallel ma-
chines, especially GPUs. However, the matrix multiplica-
tion in (8) presents a special case as KJI quickly grows too
large to store on the GPU. To compute on the GPU, the
matrix must be transferred from the CPU and computed
on the GPU in blocks. A naive implementation in which
blocks of the kernel are synchronously transferred to the
GPU between computations yields little speedup over com-
puting directly on the CPU. While the block computations
themselves are noticeably faster on the GPU, the transfer
latency between CPU RAM and GPU global memory is sig-
nificant. However, we make use of multiple asynchronous
streams of CPU-to-GPU memory transfers of small blocks
with interleaved matrix multiplication.

Iterative update.
To solve for weights �, we take Newton steps of the form

�0 = � �H�1g. (9)

In practice, very high accuracy can be achieved with a set
of basis vectors that is much smaller than the set of training
instances, |J | ⌧ n. This renders the Newton optimization
tractable, even on large problems. Computing H and g is
O(n|J |), while H�1g is O(|J |3). The significant costs are
incurred while computing the Hessian and gradient. Both
require |J | rows of the kernel matrix K, and the Hessian
involves the costly matrix multiplication KJIKJI
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Generally only a few Newton steps are required for con-

vergence, between which margin violations I and gradient g
must be recomputed, since they are functions of �. Since we
are using quadratic penalization of errors in (6), the Hessian
is constant in � and changes only in response to changes in
the set of loss inducing inputs I. Consequently, only small
incremental updates to the Hessian are required between
Newton steps.

5.2 Adding Basis Vectors
Solving the optimization in practice without an a priori

set of basis vectors requires a two phase approach. Begin-
ning with an empty basis set J 0, basis vectors are added
greedily, J k+1 = J k + {ck+1}. To select each basis vector,
a candidate set C, of some small size e.g. 10, is randomly
sampled from the training examples. Each new basis vector
is chosen from a candidate set to minimize the objective (6)
assuming the existing weights � 2 Rk are held constant,
which can be computed in closed form. The candidate with
the largest estimated improvement is chosen.
Then all weights (now � 2 Rk+1) are optimized by New-

ton steps to minimize (6) over the increased basis set J k+1.
The cycle repeats until a maximum number of basis vectors
is reached or a stopping criterion is met.
As the size of the basis set increases, the contribution of

each additional vector becomes smaller. Given also that re-
optimizing � with Newton steps becomes more expensive as
the basis vector set grows, in practice, an increasing num-
ber of new basis vectors are selected between subsequent
re-optimization steps.
It should be noted that it is not necessary to recompute

the Hessian from scratch between steps. After a set J̃ of new
basis vectors is selected, we must account for the changes in
the KJJ and KJIKJI

> terms in the Hessian computation
(8), since J must change to incorporate J̃ . It su�ces to
compute an update to the Hessian based on the new basis
vectors chosen and the updated set of error vectors I. More
details about both the Hessian update and the basis vector
selection heuristics are found in [21].
Observations for Optimizations: There are two ways

in which we optimize the candidate selection process. First,
the bulk of the time in the scoring process for each can-
didate is in computing the kernel rows KCI for each can-
didate xC and points violating the margin xI . The kernel
computation itself can be easily performed using existing
highly-optimized code for linear algebra operations on the
GPU or CPU. Second, each submatrix KCI is narrow – just
a few rows – but matrix operations generally scale better
for larger matrices. By grouping several candidate sets (be-
tween Newton reoptimizations, error vectors I are held con-
stant), several smaller operations are consolidated into one
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Implementation

• CUBLAS! 

• No tedious hand-coding of kernels

• Takes advantage of insider knowledge (CUBLAS by NVIDIA)

• Automatically updates to latest graphics cards and BLAS library updates

• (Almost) automatically transfers to other platforms (with BLAS 
implementations, i.e. multicore)
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WU-SVM

• SP-SVM in C++/(CU)BLAS with open 
source BSD license

• Compatible with multicore BLAS 
implementations

• Implements LibSVM interface 
(command line, dataset format, output 
files)

• Written by undergraduate coders: 
Gabriel Hope, Nicholas Kolkin, and 
Jack Hessel
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Conclusions

• Why WU-SVM?

• Highly parallel since it’s the right type of operation (largely dense linear 
algebra)

• Very fast since well-designed/engineered code already exists

• Easy to write/maintain/port to new platforms (since these libraries are 
standardized and constantly updated for new hardware)

• All we did was put the right pieces together (Keerthi’s SP-SVM + CUBLAS), 
but it makes you wonder what other methods could benefit from a similar 
approach...
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Thanks to Gabriel Hope, Nicholas Kolkin, Jack Hessel, Jacob Gardner, 
John Tran (NVIDIA), Kunal Agrawal, and Kilian Weinberger

Stephen Tyree
swtyree@wustl.edu

Thank you! Questions?

http://www.tinyurl.com/wu-svm
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