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OVERVIEW 
! Valuation and optimal exercise of American-style options 

is a  very important practical problem in option pricing  

! Early exercise feature makes the problem challenging: 
•  On expiration date, the optimal exercise strategy is to exercise if 

the option is in the money or let it expire otherwise 

•  For all the other time steps, the optimal exercise strategy is to 
examine the asset price, compare the immediate exercise value of 
the option with the risk neutral expected value of holding the 
option and determine if immediate exercise is more valuable 



OVERVIEW 
! Algorithms for American-style options: 

—  Grid based (finite difference, binomial/trinomial trees) 

—  Monte Carlo 

! GPUs are very attractive for High Performance Computing 
—  Massive multithreaded chips 

—  High memory bandwidth, high FLOPS count 

—  Power efficient 

—  Programming languages and tools 

! This work will present an implementation of the Least 
Squares Monte Carlo method by Longstaff and Schwartz 
(2001) on GPUs 



LEAST SQUARES MONTE CARLO 
!  If N is the number of paths and M is the number of time 

intervals: 
—  Generate a matrix R(N,M) of normal random numbers 

—  Compute the asset prices S(N,M+1) 

—  Compute the cash flow at M+1 since the exercise policy is known 

! For each time step, going backward in time: 
—  Estimate the continuation value 

—  Compare the value of immediate payoff with continuation value 
and decide if early exercise 

! Discount the cash flow to present time and average over 
paths 

! Keep text to a minimum 
—  Instead, speak more to your audience (engage them with 

anecdotes/enthusiasm/eye contact) 

—  Try not to read your points verbatim; bullet points should be  
used for key points only 

—  Use images/graphics to help convey your message 



LONGSTAFF - SCHWARTZ 
! Estimation of the continuation value by least squares 

regression using a cross section of simulated data: 
—  Continuation function is approximated as linear combination of 

basis functions 

—  Select the paths in the money 

—  Select  basis functions: monomial, orthogonal polynomials 
( weighted Laguerre,…) 

exercise policy is known.

4. For each time step tk, going backward from t = T ��t

(k = M) to t = �t (k = 2):

4.1 Select the paths that are in the money

4.2 Compute the matrix A and right hand side b of
the least square system to approximate the con-
tinuation function. This involves the asset prices
at time k and the cash flow at time k + 1

4.3 Compare the value for immediate pay o↵ and con-
tinuation value and decide if early exercise

5. Discount the cash flow to time t = 0 (k = 1) and
average over the paths.

2.1 Selection of the basis functions
In the regression model, the continuation function is ap-

proximated as a linear combination of basis functions:

F (., tk) =
pX

k=0

↵kLk(S(tk)) (1)

Simple powers of the state variable and several orthog-
onal polynomial familes (Laguerre, Hermite, Legendre and
Chebyshev) have been suggested. In the original paper, sim-
ple monomial:
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were proposed.
The LSMC algorithm is quite robust to the choice of the

basis functions. In our code we have implemented both the
monomial and the weighted Laguerre polynomials.

3. GENERATING RANDOM NUMBERS ON
THE GPU

For the random number generation we relied on CURAND,
the library included in the CUDA Toolkit[3]. The basic op-
erations needed in CURAND to generate a sequence of ran-
dom numbers are:

• Create a generator using curandCreateGenerator()

• Set a seed with curandSetPseudoRandomGeneratorSeed()

• Generate the data from the required distribution. The
available distributions are: uniform, normal or log-
normal.

• Destroy the generator with curandDestroyGenerator()

In CUDA 5.5, there are 4 random number generators in-
cluded in the CURAND library:

1. XORWOW, xor-shift added with Weyl sequence intro-
duced by Marsaglia[7].

2. MTGP32, a member of the Mersenne Twister family
of pseudorandom number generators with parameters
customized for operation on the GPU (Saito and Mat-
sumoto [8])

3. MRG32K3A, a member of the Combined Multiple Re-
cursive family of pseudorandom number generators.

4. PHILOX4-32, a counter-based parallel RNG introduced
by Salmon et al. [9].

We generated the normal distribution needed for the path
generation in two ways: calling directly the normal distri-
bution generator or calling a uniform distribution generator
and then applying a Box-Muller transform to obtain a nor-
mal distribution. We used the original formulation of the
Box-Muller transform to avoid branching. If u0 and u1 are
two samples from the uniform distribution, by applying:

n0 =
p

�2 log(u1) sin(2⇡u0)

n1 =
p

�2 log(u1) cos(2⇡u0)

we generate two numbers n0 and n1 with normal distribu-
tion.
For all the simulations, we used the CURAND host API,

where the library calls happen on the host but the actual
work of random number generation occurs on the device.
The resulting random numbers are stored in global memory
on the device. This is very convenient when pricing multiple
options, the random number generation is done only once
and the random data are used multiple times.
Some generators have an optional driver API, where the

generation could be embedded in kernels running directly on
the device. While this could result in a lower memory foot-
print, it makes applying techniques like antithetic variables
or moment matching harder. The random number genera-
tion inside the kernels could also increase register pressure
and result in reduced performance. Also, the main focus of
the paper is not on the random number or path generation,
but on the regression phase.

3.1 Moment matching
The code has the option to preprocess the data for mo-

ment matching. Since we are working with a finite sample of
the whole population, we may have some sample bias. We
can match the desidered mean and variance for a standard
normal distribution by calculating µ, the sample mean, and
�, the standard deviation of the generated sequence and by
scaling each random variable by:

n

⇤
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(ni � µ)
�

The new variable n

⇤ has a mean and standard deviation
matching the desired distribution.

4. PATH GENERATION
The underlying stock price, S(t) is assumed to follow a

geometric Brownian motion. If S0 is the initial price, r is
the interest rate, � the stock price volatility, for each path
the evolution of the stock price over a sequence of time steps
0 = t0 < t1 < ... < tM = T is given by the formula:

Si(0) = S0

Si(t+�t) = Si(t)e
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basis functions. In our code we have implemented both the
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LEAST SQUARES REGRESSION 
Asset price Cash flow 

Select paths 
in the money 
at time t 

Select corresponding 
cash flows at time t+1 
and discount them at  
time t 

Build matrix using 
basis functions 

A b 

   A   x   = b 
(ITM,p) (p,1)    (ITM,1)  



LEAST SQUARES MONTE CARLO 

RNG 

Moment matching 

Path generation 

Regression 

Average 

Plenty of parallelism 

Plenty of parallelism 

Plenty of parallelism if N is large 

M dependent steps. 

Plenty of parallelism 



RANDOM NUMBER GENERATION 
! Random number generation is performed using the CURAND 

library: 

—  Single and double precision 

—  Normal, uniform, log-normal, Poisson distributions 

—  4 different generators: 
!  XORWOW:   xor-shift  

!  MTGP32:   Mersenne-Twister 

!  MRG32K32A:   Combined Multiple Recursive 

!  PHILOX4-32:   Counter-based 



RANDOM NUMBER GENERATION 
! Choice of: 

 - Normal distribution 
 - Uniform distribution plus Box-Muller: 

 
 

! Optional moment matching of the data  

exercise policy is known.

4. For each time step tk, going backward from t = T ��t

(k = M) to t = �t (k = 2):

4.1 Select the paths that are in the money

4.2 Compute the matrix A and right hand side b of
the least square system to approximate the con-
tinuation function. This involves the asset prices
at time k and the cash flow at time k + 1

4.3 Compare the value for immediate pay o↵ and con-
tinuation value and decide if early exercise

5. Discount the cash flow to time t = 0 (k = 1) and
average over the paths.
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options, the random number generation is done only once
and the random data are used multiple times.
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generation could be embedded in kernels running directly on
the device. While this could result in a lower memory foot-
print, it makes applying techniques like antithetic variables
or moment matching harder. The random number genera-
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RNG GENERATION 
curandCreateGenerator(&gen, CURAND_RNG_PSEUDO_PHILOX4_32_10);!

curandSetPseudoRandomGeneratorSeed(gen,myseed);!

if(bm==0) { /* Generate LDA*M double with normal distribution on device */!

curandGenerateNormalDouble(gen,devData, LDA*M,0.,1.); }!

else{!

     /* Generate LDA*M doubles with uniform distribution on device and then apply Box-Muller transform */!

       curandGenerateUniformDouble(gen,devData, LDA*M);!

       box_muller<<<256,256>>>(devData,LDA*M);!

    }!

.....!

curandDestroyGenerator(gen);!

!

__global__ void box_muller(double *in,size_t N) {!

    int tid = threadIdx.x;     !

    int totalThreads = gridDim.x * blockDim.x;!

    int ctaStart = blockDim.x * blockIdx.x;!

    double s,c;!

    for (size_t i = ctaStart + tid ; i < N/2; i += totalThreads) {!

       size_t ii=2*i;!

       double x=-2*(log(in[ii]));!

       double y=2*in[ii+1];!

       sincospi(y,&s,&c);!

       in[ii]  =sqrt(x)*s;!

       in[ii+1]=sqrt(x)*c;!

       }!

}!

!



PATH GENERATION 
! The stock price S(t) is assumed to follow a 
geometric Brownian motion 

! Use of antithetic variables: 

—  reduce variance 

—  reduce memory footprint 

exercise policy is known.

4. For each time step tk, going backward from t = T ��t

(k = M) to t = �t (k = 2):

4.1 Select the paths that are in the money

4.2 Compute the matrix A and right hand side b of
the least square system to approximate the con-
tinuation function. This involves the asset prices
at time k and the cash flow at time k + 1

4.3 Compare the value for immediate pay o↵ and con-
tinuation value and decide if early exercise

5. Discount the cash flow to time t = 0 (k = 1) and
average over the paths.

2.1 Selection of the basis functions
In the regression model, the continuation function is ap-

proximated as a linear combination of basis functions:
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Simple powers of the state variable and several orthog-
onal polynomial familes (Laguerre, Hermite, Legendre and
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were proposed.
The LSMC algorithm is quite robust to the choice of the

basis functions. In our code we have implemented both the
monomial and the weighted Laguerre polynomials.

3. GENERATING RANDOM NUMBERS ON
THE GPU

For the random number generation we relied on CURAND,
the library included in the CUDA Toolkit[3]. The basic op-
erations needed in CURAND to generate a sequence of ran-
dom numbers are:

• Create a generator using curandCreateGenerator()

• Set a seed with curandSetPseudoRandomGeneratorSeed()

• Generate the data from the required distribution. The
available distributions are: uniform, normal or log-
normal.

• Destroy the generator with curandDestroyGenerator()

In CUDA 5.5, there are 4 random number generators in-
cluded in the CURAND library:

1. XORWOW, xor-shift added with Weyl sequence intro-
duced by Marsaglia[7].

2. MTGP32, a member of the Mersenne Twister family
of pseudorandom number generators with parameters
customized for operation on the GPU (Saito and Mat-
sumoto [8])

3. MRG32K3A, a member of the Combined Multiple Re-
cursive family of pseudorandom number generators.

4. PHILOX4-32, a counter-based parallel RNG introduced
by Salmon et al. [9].

We generated the normal distribution needed for the path
generation in two ways: calling directly the normal distri-
bution generator or calling a uniform distribution generator
and then applying a Box-Muller transform to obtain a nor-
mal distribution. We used the original formulation of the
Box-Muller transform to avoid branching. If u0 and u1 are
two samples from the uniform distribution, by applying:

n0 =
p

�2 log(u1) sin(2⇡u0)

n1 =
p

�2 log(u1) cos(2⇡u0)

we generate two numbers n0 and n1 with normal distribu-
tion.
For all the simulations, we used the CURAND host API,

where the library calls happen on the host but the actual
work of random number generation occurs on the device.
The resulting random numbers are stored in global memory
on the device. This is very convenient when pricing multiple
options, the random number generation is done only once
and the random data are used multiple times.
Some generators have an optional driver API, where the

generation could be embedded in kernels running directly on
the device. While this could result in a lower memory foot-
print, it makes applying techniques like antithetic variables
or moment matching harder. The random number genera-
tion inside the kernels could also increase register pressure
and result in reduced performance. Also, the main focus of
the paper is not on the random number or path generation,
but on the regression phase.

3.1 Moment matching
The code has the option to preprocess the data for mo-

ment matching. Since we are working with a finite sample of
the whole population, we may have some sample bias. We
can match the desidered mean and variance for a standard
normal distribution by calculating µ, the sample mean, and
�, the standard deviation of the generated sequence and by
scaling each random variable by:

n

⇤
i =

(ni � µ)
�

The new variable n

⇤ has a mean and standard deviation
matching the desired distribution.

4. PATH GENERATION
The underlying stock price, S(t) is assumed to follow a

geometric Brownian motion. If S0 is the initial price, r is
the interest rate, � the stock price volatility, for each path
the evolution of the stock price over a sequence of time steps
0 = t0 < t1 < ... < tM = T is given by the formula:

Si(0) = S0

Si(t+�t) = Si(t)e
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4.1 Antithetic variables
Standard Monte Carlo methods have a convergence to the

solution that is proportional to the inverse square root of
the number of samples N . The antithetic variance reduc-
tion technique reduces variance by introducing a negative or
”antithetic” relation between pairs of paths. When working
with normally distributed random variables, the variables Z
and �Z form an antithetic pair. The path generated with
�Z simulates the reflection about the origin of the path gen-
erated with Z. The advantage of this technique is twofold: it
reduces the number of samples needed to generate N paths,
and it reduces the variance of the sample paths, improving
the accuracy. For each path Si:

Si(t+�t) = Si(t)e
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there is a correspondent antithetic path S

⇤:

S
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This technique is also ensuring the first-moment matching,
since we are e↵ectly using a new sequence with elements
having a symmetry across the origin.

5. CUDA IMPLEMENTATION
The complete algorithm has been implemented on GPU

using CUDA C and the CURAND library. The only data
transferred to the GPU are the input parameters for the
simulation, all the rest is generated on the GPU. At the end
of the computation the mean value is transferred back to
the CPU.

The path generation is implemented with a very simple
kernel in which each thread is assigned one or more paths
and than iterates in time to generate the full path. The
current simple implementation is very fast, it can generate
100,000 paths with 50 time points in half a microsecond.

The mean and standard deviation computations, needed
for both the moment matching and the final pricing, are
implemented with a single pass kernel using an atomic lock,
as proposed by Giles[2].

The generation and solution of the Least Squares system
in the regression phase is the main contribution of this work.
The regression phase for each time step is typically imple-
mented on traditional CPU in the following way:

• If ITM denotes the number of paths in the money at
time t, a new vector S0(t) of dimension ITM is selected
from the original asset vector Si(t) of dimension N.

• The matrix A for the Least Squares system is con-
structed from the vector S0(t) using a particular set of
basis functions as explained in 2.1. This matrix is of
dimensions (ITM,p+1).

• The right hand side b is constructed from the dis-
counted cash-flow at time t + 1 of the paths in the
money at time t. Also this vector has size ITM.

• The system Ax = b is then solved with a QR or SVD
method. The solution will provide the p+1 coe�cients
of the linear combination of basis functions (Eq. 1).

• For all the paths in the money, the continuation value
is computed with Eq. 1 and the cash flow at time t is
set as the maximum of the immediate exercise and the
continuation value.

For the GPU implementation, our approach is based on
the normal equation. Multiplying both sides of Ax = b by
A

T , we build a new system A

T
Ax = A

T
b. AT

A is a matrix
of dimension (p+1,p+1) and A

T
b is a vector of size p+1.

Instead of selecting the paths in the money (operation
that could be performed with a stream compaction algo-
rithm), forming the matrix A and the right hand side b with
this subset, computing A

T
A and A

T
b, and then solving the

normal equation, we merge all these steps.
The element (l,m) of AT

A, with l = 0, .., p and m = 0, .., p
can be expressed in term of the basis functions as:

X

j2ITM

Ll(j)Lm(j)

while the element l of At
b is:

X

j2ITM

Ll(j)b(j)

In the first stage each block selects the paths in the money
and adds their contribution to two partial sums, one for AT

A

and one for A

T
b. The matrix A is never formed, the only

inputs are the asset vector S(t), needed to compute the basis
functions, and the discounted cash-flow vector at time t+1.
The second stage performs the final reductions with a single
block and once the final matrix A

T
A and the the right hand

side A

T
b are in shared memory, it solves the system and

determine the coe�cients for the linear regression. A third
kernel computes the conditional continuation value and de-
cides if exercise immediately or keep waiting. These steps
could also be combined in a single kernel, but we preferred to
have them in three di↵erent kernels to keep the code simpler
and to experiment with di↵erent approaches (for example,
solve the system using extended precision).
Since we are solving the least squares problem with a nor-

mal equation approach, we estimate the conditional expec-
tation function in a renormalized space, dividing the stock
price by the initial or the strike price. This will eliminate
underflow in the weighted Laguerre and also avoid overflow
when using a high number of basis functions. It will also
reduce the condition number of the matrix, fact that is par-
ticularly important since we are using a normal equation
that squares the condition number of original system The
first kernel can also perform the partial sums using a com-
pensated algorithm to improve the accuracy.
Since the amount of memory on the GPU is currently

limited to 6GB, we optimized the code memory footprint.
The code is using two matrices, one for the random numbers
of dimension N ⇥ M and one for the paths of dimension
N⇥(M+1). We only stores two cashflow vectors, one for the
previous time step (k+1) and one for the current time step
(k) and swap them. The total amount of memory required
is N⇥(2M+3)⇥8 bytes, assuming that all the variables are
stored in double precision. We also implemented a version
of the code where the random numbers and the paths are
stored in single precision.

6. RESULTS
In this section, we will analyze the di↵erent steps of the

algorithm. The results have been obtained on a Tesla K20X
GPU, a card of the Kepler generation with 6GB of memory.
The complete algorithm is implemented on the GPU using
CUDA.

4.1 Antithetic variables
Standard Monte Carlo methods have a convergence to the

solution that is proportional to the inverse square root of
the number of samples N . The antithetic variance reduc-
tion technique reduces variance by introducing a negative or
”antithetic” relation between pairs of paths. When working
with normally distributed random variables, the variables Z
and �Z form an antithetic pair. The path generated with
�Z simulates the reflection about the origin of the path gen-
erated with Z. The advantage of this technique is twofold: it
reduces the number of samples needed to generate N paths,
and it reduces the variance of the sample paths, improving
the accuracy. For each path Si:

Si(t+�t) = Si(t)e
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there is a correspondent antithetic path S

⇤:

S

⇤
i (t+�t) = S

⇤
i (t)e

(r��2

2 )�t��
p

�tZi

This technique is also ensuring the first-moment matching,
since we are e↵ectly using a new sequence with elements
having a symmetry across the origin.

5. CUDA IMPLEMENTATION
The complete algorithm has been implemented on GPU

using CUDA C and the CURAND library. The only data
transferred to the GPU are the input parameters for the
simulation, all the rest is generated on the GPU. At the end
of the computation the mean value is transferred back to
the CPU.

The path generation is implemented with a very simple
kernel in which each thread is assigned one or more paths
and than iterates in time to generate the full path. The
current simple implementation is very fast, it can generate
100,000 paths with 50 time points in half a microsecond.

The mean and standard deviation computations, needed
for both the moment matching and the final pricing, are
implemented with a single pass kernel using an atomic lock,
as proposed by Giles[2].

The generation and solution of the Least Squares system
in the regression phase is the main contribution of this work.
The regression phase for each time step is typically imple-
mented on traditional CPU in the following way:

• If ITM denotes the number of paths in the money at
time t, a new vector S0(t) of dimension ITM is selected
from the original asset vector Si(t) of dimension N.

• The matrix A for the Least Squares system is con-
structed from the vector S0(t) using a particular set of
basis functions as explained in 2.1. This matrix is of
dimensions (ITM,p+1).

• The right hand side b is constructed from the dis-
counted cash-flow at time t + 1 of the paths in the
money at time t. Also this vector has size ITM.

• The system Ax = b is then solved with a QR or SVD
method. The solution will provide the p+1 coe�cients
of the linear combination of basis functions (Eq. 1).

• For all the paths in the money, the continuation value
is computed with Eq. 1 and the cash flow at time t is
set as the maximum of the immediate exercise and the
continuation value.

For the GPU implementation, our approach is based on
the normal equation. Multiplying both sides of Ax = b by
A

T , we build a new system A

T
Ax = A

T
b. AT

A is a matrix
of dimension (p+1,p+1) and A

T
b is a vector of size p+1.

Instead of selecting the paths in the money (operation
that could be performed with a stream compaction algo-
rithm), forming the matrix A and the right hand side b with
this subset, computing A

T
A and A

T
b, and then solving the

normal equation, we merge all these steps.
The element (l,m) of AT

A, with l = 0, .., p and m = 0, .., p
can be expressed in term of the basis functions as:
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while the element l of At
b is:
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In the first stage each block selects the paths in the money
and adds their contribution to two partial sums, one for AT

A

and one for A

T
b. The matrix A is never formed, the only

inputs are the asset vector S(t), needed to compute the basis
functions, and the discounted cash-flow vector at time t+1.
The second stage performs the final reductions with a single
block and once the final matrix A

T
A and the the right hand

side A

T
b are in shared memory, it solves the system and

determine the coe�cients for the linear regression. A third
kernel computes the conditional continuation value and de-
cides if exercise immediately or keep waiting. These steps
could also be combined in a single kernel, but we preferred to
have them in three di↵erent kernels to keep the code simpler
and to experiment with di↵erent approaches (for example,
solve the system using extended precision).
Since we are solving the least squares problem with a nor-

mal equation approach, we estimate the conditional expec-
tation function in a renormalized space, dividing the stock
price by the initial or the strike price. This will eliminate
underflow in the weighted Laguerre and also avoid overflow
when using a high number of basis functions. It will also
reduce the condition number of the matrix, fact that is par-
ticularly important since we are using a normal equation
that squares the condition number of original system The
first kernel can also perform the partial sums using a com-
pensated algorithm to improve the accuracy.
Since the amount of memory on the GPU is currently

limited to 6GB, we optimized the code memory footprint.
The code is using two matrices, one for the random numbers
of dimension N ⇥ M and one for the paths of dimension
N⇥(M+1). We only stores two cashflow vectors, one for the
previous time step (k+1) and one for the current time step
(k) and swap them. The total amount of memory required
is N⇥(2M+3)⇥8 bytes, assuming that all the variables are
stored in double precision. We also implemented a version
of the code where the random numbers and the paths are
stored in single precision.

6. RESULTS
In this section, we will analyze the di↵erent steps of the

algorithm. The results have been obtained on a Tesla K20X
GPU, a card of the Kepler generation with 6GB of memory.
The complete algorithm is implemented on the GPU using
CUDA.



PATH GENERATION 
__global__ void generatePath(double *S, double *CF, double *devData, double  S0, double K,  !

                             double R, double sigma, double dt, size_t N, int M, size_t LDA)!
{!
    int i,j;!
    int totalThreads = gridDim.x * blockDim.x;!

    int ctaStart = blockDim.x * blockIdx.x;!
        !

!for (i = ctaStart + threadIdx.x; i < N/2; i += totalThreads) {!
     ! int ii=2*i;!
       S[ii]=S0;!

       S[ii+1]=S0;!
! \\ Compute asset price at all time steps!

       for (j=1;j<M+1;j++)!
       {!
        S[ii+  j*LDA]=S[ii  +(j-1)*LDA]*exp( (R-0.5*sigma*sigma)*dt + sigma*sqrt(dt)*devData[i+(j-1)*LDA] );!

        S[ii+1+j*LDA]=S[ii+1+(j-1)*LDA]*exp( (R-0.5*sigma*sigma)*dt - sigma*sqrt(dt)*devData[i+(j-1)*LDA] );!
       }!
       \\ Compute cash flow at time T!
       CF[ii  +M*LDA]=( K-S[ii  +M*LDA]) >0. ?  (K-S[ii+  M*LDA]): 0.;!
       CF[ii+1+M*LDA]=( K-S[ii+1+M*LDA]) >0. ?  (K-S[ii+1+M*LDA]): 0.;!

    }!

}!

Simple parallelization. Each thread computes multiple antithetic paths 



LEAST SQUARES SOLVER 
!  System solved with normal equation approach 

    

   Ax = b     ATA x = ATb 
 

!  The element (l,m) of ATA and the element l of ATb: 

 

!  The matrix A is never stored, each thread loads the asset price and cash flow for 
one path and computes the terms on-the fly, adding them to the sum if the path 
is in the money 

!  Two stages approach, possible use of compensated sum and extended precision 

4.1 Antithetic variables
Standard Monte Carlo methods have a convergence to the

solution that is proportional to the inverse square root of
the number of samples N . The antithetic variance reduc-
tion technique reduces variance by introducing a negative or
”antithetic” relation between pairs of paths. When working
with normally distributed random variables, the variables Z
and �Z form an antithetic pair. The path generated with
�Z simulates the reflection about the origin of the path gen-
erated with Z. The advantage of this technique is twofold: it
reduces the number of samples needed to generate N paths,
and it reduces the variance of the sample paths, improving
the accuracy. For each path Si:

Si(t+�t) = Si(t)e
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there is a correspondent antithetic path S

⇤:

S

⇤
i (t+�t) = S

⇤
i (t)e

(r��2

2 )�t��
p

�tZi

This technique is also ensuring the first-moment matching,
since we are e↵ectly using a new sequence with elements
having a symmetry across the origin.

5. CUDA IMPLEMENTATION
The complete algorithm has been implemented on GPU

using CUDA C and the CURAND library. The only data
transferred to the GPU are the input parameters for the
simulation, all the rest is generated on the GPU. At the end
of the computation the mean value is transferred back to
the CPU.

The path generation is implemented with a very simple
kernel in which each thread is assigned one or more paths
and than iterates in time to generate the full path. The
current simple implementation is very fast, it can generate
100,000 paths with 50 time points in half a microsecond.

The mean and standard deviation computations, needed
for both the moment matching and the final pricing, are
implemented with a single pass kernel using an atomic lock,
as proposed by Giles[2].

The generation and solution of the Least Squares system
in the regression phase is the main contribution of this work.
The regression phase for each time step is typically imple-
mented on traditional CPU in the following way:

• If ITM denotes the number of paths in the money at
time t, a new vector S0(t) of dimension ITM is selected
from the original asset vector Si(t) of dimension N.

• The matrix A for the Least Squares system is con-
structed from the vector S0(t) using a particular set of
basis functions as explained in 2.1. This matrix is of
dimensions (ITM,p+1).

• The right hand side b is constructed from the dis-
counted cash-flow at time t + 1 of the paths in the
money at time t. Also this vector has size ITM.

• The system Ax = b is then solved with a QR or SVD
method. The solution will provide the p+1 coe�cients
of the linear combination of basis functions (Eq. 1).

• For all the paths in the money, the continuation value
is computed with Eq. 1 and the cash flow at time t is
set as the maximum of the immediate exercise and the
continuation value.

For the GPU implementation, our approach is based on
the normal equation. Multiplying both sides of Ax = b by
A

T , we build a new system A

T
Ax = A

T
b. AT

A is a matrix
of dimension (p+1,p+1) and A

T
b is a vector of size p+1.

Instead of selecting the paths in the money (operation
that could be performed with a stream compaction algo-
rithm), forming the matrix A and the right hand side b with
this subset, computing A

T
A and A

T
b, and then solving the

normal equation, we merge all these steps.
The element (l,m) of AT

A, with l = 0, .., p and m = 0, .., p
can be expressed in term of the basis functions as:
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while the element l of At
b is:
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In the first stage each block selects the paths in the money
and adds their contribution to two partial sums, one for AT

A

and one for A

T
b. The matrix A is never formed, the only

inputs are the asset vector S(t), needed to compute the basis
functions, and the discounted cash-flow vector at time t+1.
The second stage performs the final reductions with a single
block and once the final matrix A

T
A and the the right hand

side A

T
b are in shared memory, it solves the system and

determine the coe�cients for the linear regression. A third
kernel computes the conditional continuation value and de-
cides if exercise immediately or keep waiting. These steps
could also be combined in a single kernel, but we preferred to
have them in three di↵erent kernels to keep the code simpler
and to experiment with di↵erent approaches (for example,
solve the system using extended precision).
Since we are solving the least squares problem with a nor-

mal equation approach, we estimate the conditional expec-
tation function in a renormalized space, dividing the stock
price by the initial or the strike price. This will eliminate
underflow in the weighted Laguerre and also avoid overflow
when using a high number of basis functions. It will also
reduce the condition number of the matrix, fact that is par-
ticularly important since we are using a normal equation
that squares the condition number of original system The
first kernel can also perform the partial sums using a com-
pensated algorithm to improve the accuracy.
Since the amount of memory on the GPU is currently

limited to 6GB, we optimized the code memory footprint.
The code is using two matrices, one for the random numbers
of dimension N ⇥ M and one for the paths of dimension
N⇥(M+1). We only stores two cashflow vectors, one for the
previous time step (k+1) and one for the current time step
(k) and swap them. The total amount of memory required
is N⇥(2M+3)⇥8 bytes, assuming that all the variables are
stored in double precision. We also implemented a version
of the code where the random numbers and the paths are
stored in single precision.

6. RESULTS
In this section, we will analyze the di↵erent steps of the

algorithm. The results have been obtained on a Tesla K20X
GPU, a card of the Kepler generation with 6GB of memory.
The complete algorithm is implemented on the GPU using
CUDA.

4.1 Antithetic variables
Standard Monte Carlo methods have a convergence to the

solution that is proportional to the inverse square root of
the number of samples N . The antithetic variance reduc-
tion technique reduces variance by introducing a negative or
”antithetic” relation between pairs of paths. When working
with normally distributed random variables, the variables Z
and �Z form an antithetic pair. The path generated with
�Z simulates the reflection about the origin of the path gen-
erated with Z. The advantage of this technique is twofold: it
reduces the number of samples needed to generate N paths,
and it reduces the variance of the sample paths, improving
the accuracy. For each path Si:
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This technique is also ensuring the first-moment matching,
since we are e↵ectly using a new sequence with elements
having a symmetry across the origin.

5. CUDA IMPLEMENTATION
The complete algorithm has been implemented on GPU

using CUDA C and the CURAND library. The only data
transferred to the GPU are the input parameters for the
simulation, all the rest is generated on the GPU. At the end
of the computation the mean value is transferred back to
the CPU.

The path generation is implemented with a very simple
kernel in which each thread is assigned one or more paths
and than iterates in time to generate the full path. The
current simple implementation is very fast, it can generate
100,000 paths with 50 time points in half a microsecond.

The mean and standard deviation computations, needed
for both the moment matching and the final pricing, are
implemented with a single pass kernel using an atomic lock,
as proposed by Giles[2].

The generation and solution of the Least Squares system
in the regression phase is the main contribution of this work.
The regression phase for each time step is typically imple-
mented on traditional CPU in the following way:

• If ITM denotes the number of paths in the money at
time t, a new vector S0(t) of dimension ITM is selected
from the original asset vector Si(t) of dimension N.

• The matrix A for the Least Squares system is con-
structed from the vector S0(t) using a particular set of
basis functions as explained in 2.1. This matrix is of
dimensions (ITM,p+1).

• The right hand side b is constructed from the dis-
counted cash-flow at time t + 1 of the paths in the
money at time t. Also this vector has size ITM.

• The system Ax = b is then solved with a QR or SVD
method. The solution will provide the p+1 coe�cients
of the linear combination of basis functions (Eq. 1).

• For all the paths in the money, the continuation value
is computed with Eq. 1 and the cash flow at time t is
set as the maximum of the immediate exercise and the
continuation value.

For the GPU implementation, our approach is based on
the normal equation. Multiplying both sides of Ax = b by
A

T , we build a new system A

T
Ax = A

T
b. AT

A is a matrix
of dimension (p+1,p+1) and A

T
b is a vector of size p+1.

Instead of selecting the paths in the money (operation
that could be performed with a stream compaction algo-
rithm), forming the matrix A and the right hand side b with
this subset, computing A

T
A and A

T
b, and then solving the

normal equation, we merge all these steps.
The element (l,m) of AT

A, with l = 0, .., p and m = 0, .., p
can be expressed in term of the basis functions as:
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b is:
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In the first stage each block selects the paths in the money
and adds their contribution to two partial sums, one for AT
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and one for A
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b. The matrix A is never formed, the only

inputs are the asset vector S(t), needed to compute the basis
functions, and the discounted cash-flow vector at time t+1.
The second stage performs the final reductions with a single
block and once the final matrix A

T
A and the the right hand

side A

T
b are in shared memory, it solves the system and

determine the coe�cients for the linear regression. A third
kernel computes the conditional continuation value and de-
cides if exercise immediately or keep waiting. These steps
could also be combined in a single kernel, but we preferred to
have them in three di↵erent kernels to keep the code simpler
and to experiment with di↵erent approaches (for example,
solve the system using extended precision).
Since we are solving the least squares problem with a nor-

mal equation approach, we estimate the conditional expec-
tation function in a renormalized space, dividing the stock
price by the initial or the strike price. This will eliminate
underflow in the weighted Laguerre and also avoid overflow
when using a high number of basis functions. It will also
reduce the condition number of the matrix, fact that is par-
ticularly important since we are using a normal equation
that squares the condition number of original system The
first kernel can also perform the partial sums using a com-
pensated algorithm to improve the accuracy.
Since the amount of memory on the GPU is currently

limited to 6GB, we optimized the code memory footprint.
The code is using two matrices, one for the random numbers
of dimension N ⇥ M and one for the paths of dimension
N⇥(M+1). We only stores two cashflow vectors, one for the
previous time step (k+1) and one for the current time step
(k) and swap them. The total amount of memory required
is N⇥(2M+3)⇥8 bytes, assuming that all the variables are
stored in double precision. We also implemented a version
of the code where the random numbers and the paths are
stored in single precision.

6. RESULTS
In this section, we will analyze the di↵erent steps of the

algorithm. The results have been obtained on a Tesla K20X
GPU, a card of the Kepler generation with 6GB of memory.
The complete algorithm is implemented on the GPU using
CUDA.
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COMPUTATION OF ATA 



RESULTS 

! CUDA 5.5 
! Tesla K20X 

—  2688 cores 

—  732 MHz 

—  6 GB of memory 

! Tesla K40 
—  2880 cores 

—  Boost clock up to 875 MHz 

—  12 GB of memory 

 



RNG PERFORMANCE 

Generator Distribution Time (ms) 
N=107 

Time (ms) 
N=108 

XORWOW Normal 12.99 34.03 

XORWOW Uniform +Box Muller 12.65 30.93 

MTGP32 Normal   3.48 32.95 

MTGP32 Uniform +Box Muller   3.92 37.53 

MRG32K Normal   4.46 26.44 

MRG32K Uniform +Box Muller   4.02 22.02 

PHILOX Normal   2.89 27.40 

PHILOX Uniform +Box Muller   2.53 24.12 



COMPARISON WITH LONGSTAFF-SCHWARTZ 
S σ	
 T Finite difference Longstaff paper GPU 
36 .20 1 4.478 4.472 4.473 

36 .20 2 4.840 4.821 4.854 

36 .40 1 7.101 7.091 7.098 

36 .40 2 8.508 8.488 8.501 

38 .20 1 3.250 3.244 3.248 

38 .40 2 3.745 3.735 3.746 

38 .20 1 6.148 6.139 6.138 

38 .40 2 7.670 7.669 7.663 

44 .20 1 1.110 1.118 1.112 

44 .40 2 1.690 1.675 1.684 

44 .20 1 3.948 3.957 3.944 

44 .40 2 5.647 5.622 5.627 

Finite differences: implicit scheme with 40000 time steps per year, 1000 steps per stock price. 
LSMC with 100000 path and 50 time steps. Philox generator for GPU results. 



ACCURACY VS QR SOLVER 

Basis functions Normal Equation (GPU) QR (CPU) 

2 4.740095193796793 4.740095193796793 

3 4.815731393932048 4.815731393932048 

4 4.833172186198728 4.833172186198728 

5 4.833251309474664 4.833251309474664 

6 4.835805059904685 4.836251721596485 

7 4.837584550853037 4.837803730367345 

8 4.838283073214879 4.839358646526560 

Put option with strike price=40, stock price=36, variability=.2,  r=.06, T=2 
Reference value is 4.840 

Normal equation 155.156982160074 -397.156557357517 353.391768458585 -108.545827892269 

QR 155.157227263422 -397.157372674635 353.392671772303 -108.546161230726 

Regression coefficients at the final step for 4 basis functions 



RESULTS DOUBLE PRECISION 
nvprof ./american_dp -g3!
American put option N=524288 (LDA=524288)  M=50 dt=0.020000!
Strike price=40.000000 Stock price=36.000000 sigma=0.200000 r=0.060000 T=1.000000!
!
Generator: MRG !
BlackScholes put = 3.844  !
Normal distribution !
RNG generation time = 8.763488 ms !
Path generation time = 3.288832 ms !
LS time = 7.512192 ms, perf = 136.792 GB/s !
GPU Mean price  =4.476522e+00 !
!
!
Time     Calls    Avg       Min       Max    Name!

6.4127ms    1  6.4127ms  6.4127ms  6.4127ms  gen_sequenced<curandStateMRG32k3a!
3.4666ms   49  70.746us  69.632us  71.680us  second_kernel!
3.2417ms    1  3.2417ms  3.2417ms  3.2417ms  generatePath!
3.0826ms   49  62.909us  61.856us  63.840us  tall_gemm!
1.9224ms    1  1.9224ms  1.9224ms  1.9224ms  generate_seed_pseudo_mrg!

480.03us   49  9.7960us  9.5360us  10.208us  second_pass!
126.24us    1  126.24us  126.24us  126.24us  redusum!
12.384us    3  4.1280us  3.7760us  4.3200us  [CUDA memset]!
11.936us    1  11.936us  11.936us  11.936us  BlackScholes!

5.7920us    2  2.8960us  2.8480us  2.9440us  [CUDA memcpy DtoH]!

!
 



RESULTS SINGLE PRECISION 
nvprof ./american_sp -g3!
American put option N=524288 (LDA=524288)  M=50 dt=0.020000!
Strike price=40.000000 Stock price=36.000000 sigma=0.200000 r=0.060000 T=1.000000!
!
Generator: MRG !
BlackScholes put = 3.844  !
Normal distribution !
RNG generation time = 5.920544 ms !
Path generation time = 1.882912 ms !
LS time = 6.319168 ms, perf = 162.617 GB/s !
GPU Mean price  =4.475582e+00 !

!

 Time     Calls   Avg       Min       Max    Name!
 3.5837ms   1  3.5837ms  3.5837ms  3.5837ms  gen_sequenced<curandStateMRG32k3a!

 3.0940ms  49  63.142us  61.984us  64.256us  tall_gemm!
 2.2367ms  49  45.646us  44.608us  46.688us  second_kernel!
 1.9065ms   1  1.9065ms  1.9065ms  1.9065ms  generate_seed_pseudo_mrg!
 1.8345ms   1  1.8345ms  1.8345ms  1.8345ms  generatePath!
 505.38us  49  10.313us  10.144us  10.656us  second_pass!

 127.71us   1  127.71us  127.71us  127.71us  redusum!
 12.544us   3  4.1810us  3.8080us  4.3840us  [CUDA memset]!
 7.8080us   1  7.8080us  7.8080us  7.8080us  BlackScholes!

 5.7280us   2  2.8640us  2.7840us  2.9440us  [CUDA memcpy DtoH]!

 



PERFORMANCE COMPARISON WITH CPU 
! 256 time steps, 3 regression coefficients 
! CPU and GPU runs with double precision, MRGK32A RNG 

Paths Sequential* Xeon E5-2670* 
(OpenMP, vect) 

K20X K40 K40  
ECC off 

128K  4234ms   89ms 26.5ms 22.9ms 21.2ms 

256K  8473ms 171ms 43.9ms 38.0ms 35.1ms 

512K 17192ms 339ms 78.8ms 67.7ms 63.2ms 

* Source Xcelerit blog 

 

For the GPU version going from 3 terms to 6 terms only increases 
the runtime to 66.4ms. The solve phase goes from 27.8ms to 
30.8ms. 



CONCLUSIONS 

!  Successfully implemented the Least Squares Monte Carlo 
method on GPU 

! Correct and fast results 
! Future work: 

—   QR decomposition on GPU 
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