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Introduction
The gamma distribution is often used in
financial modelling. The most direct and
desirable way to generate a gamma (and
indeed any other non-uniform) random
number is by inversion.

Inversion is simple in principle. Let Fα be
the gamma cumulative distribution func-
tion (CDF) for shape parameter α. If U is
a standard uniform random variable then

X = F−1
α (U)

has a gamma distribution. However, the
gamma CDF is

Fα(x) =
1

Γ(α)

∫ x

0

tα−1e−t dt

the normalised lower incomplete gamma
function. So numerical methods must be
used to compute its inverse F−1

α .

Existing methods are computationally ex-
pensive, even with GPU acceleration. This
is because F−1

α (u) is slowly varying in the
central region, changing behaviour dra-
matically as u → 0+ and u → 1−. For
example here is F−1

4 :
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Splitting the input domain and treating
each subdomain separately is a significant
source of branch divergence.

Our Solution
Different changes of variable in u are used
for computing F−1

α (u) depending on α.
For a specified α, a distribution “recycling”
function Qα is constructed on the fly. This
function is of the form

Qα(v) = F−1
α (G(v))

where G is the CDF of an intermediary dis-
tribution. v = G−1(u) is the new variable.

For large α, we make G the normal CDF
Φ. Here is F−1

α (Φ(v)) for various α:

�6 �4 �2 2 4 6

50

100

150

200

250

300

Α � 25 Α � 50 Α � 100 Α � 200

The change of variable is very effective,
leading to a single character function,
which can be evaluated without branching.

Also, it is easier to build an accurate ap-
proximation to the recycling function. We
do this by solving a differential equation.
When G ≡ Φ, Qα satisfies

Q′′
α =

[
Qα + 1− α

Qα
Q′

α − v

]
Q′

α

with suitable initial conditions. We solve
this using automatic differentiation tech-
niques.

For small α, we make an alternative change
of variable.

GPU Performance
So our strategy for random number gener-
ation is to construct a polynomial approx-
imation to Qα, generate uniforms U , let
V = G−1(U), and return Qα(V ).

Here are double-precision gamma gener-
ation timings on a GeForce GTX Titan
for 10M values. The single-precision tim-
ings follow the same pattern, but are an
order of magnitude quicker. We bench-
marked our performance against an algo-
rithm based on Newton’s method.
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The timings are inclusive of setup time.
The computational cost of simulating any
gamma distribution via inversion using our
algorithms is roughly the same as the nor-
mal distribution. This is very fast.

Accuracy is not sacrificed for speed. Real-
time computation of the gamma inverse
CDF is to within machine precision.
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Software Availability
Production grade GPU and multi-
threaded CPU implementation of the
new gamma inverse CDF algorithm is
available from NAG. Please see www.nag.
co.uk/numeric/GPUs/index.asp and
www.nag.co.uk/numeric/numerical_
libraries.asp. Other probability dis-
tributions are in the pipeline, including
noncentral χ2. Please contact the author
for more information.
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