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•  Massive	  networks	  are	  everywhere.	  
•  Facebook	  has	  a	  billion	  users	  and	  a	  trillion	  connec;ons	  
•  TwiMer	  has	  more	  than	  200	  million	  users	  

•  Who	  is	  more	  important	  in	  a	  network?	  Who	  controls	  the	  
flow	  between	  nodes?	  
•  Centrality	  metrics	  answer	  these	  ques;ons	  
•  Betweenness	  Centrality	  (BC)	  is	  an	  intriguing	  metric	  

•  BC	  is	  expensive	  to	  compute	  &	  hard	  to	  parallelize	  on	  GPUs	  
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•  Let	  G=(V,	  E)	  be	  a	  graph	  with	  vertex	  set	  V	  and	  edge	  set	  E	  

•  Degree	  centrality	  : 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  
•  Closeness	  centrality	  : 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  
	  
•  Betweenness	  centrality:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
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Centrality	  Metrics	  

5. Developing scalable algorithms for temporal analysis of big graphs which asks questions like
how an important community, such as a terrorist organization or an active protein-protein
interaction subnetwork is evolved? The patterns and findings of the temporal analysis can be
used on smaller community-like structures to proactively see where they are going and take
appropriate actions.

6. Developing heuristics to compress big graphs and shatter them into even smaller pieces to
perform major graph mining and analysis tasks, such as recommendation and centrality, in a
much faster and more parallelizable way.

7. Combining the outputs developed throughout the project within a framework similar to [50]
which has support for big data limitations and cutting-edge HPC architectures and contains
all the major kernels for graph mining and analysis and the tools such as the lightweight
partitioner.

3 Proposed Research and Significance

A sparse data is usually modeled as a graph which has a powerful modeling capability for this
kind of data. Internet, gene co-expression networks, covert networks, social networks, and protein-
protein interaction networks are examples of sparse data. For the last 20 years, the properties
of these networks are of interest for commercial ads, public benefit, national security, scientific
purposes and more. This interest is growing everyday as the amount and type of the data one
can gather from real life and simulations is growing. There exist several metrics and algorithms in
the literature designed to analyze the graphs and extract useful information. For example, active
subnetwork discovery algorithms find subnetwork biomarkers which are more biologically plausible
and more likely to be true than random [22, 57, 93], centrality metrics are used to analyze the load
and importance of network nodes [8, 43, 59, 64, 70], or Google’s famous PageRank algorithm helps
us to reach what we need in whole Internet [23].

With today’s extreme-scale and unorganized sparse data, analyzing graphs and extracting useful
patterns become harder than looking for a needle in a haystack. First, new metrics are required
to make use of every bit of the disparate data we have. Second, there are potential restrictions
on the data, e.g., it may be streaming, cannot be stored in the memory, or the number of passes
allowed on the data may be restricted. Under these conditions, some of the existing algorithms
are not practical anymore. Here, we describe the main problems we want to study on and their
significance.

3.1 Centrality Computations

Centrality metrics are proposed to answer the questions such as who is more important, who
controls the flow between the nodes or whose contribution is significant for connections? They
play an important role to successfully detect the central nodes in various types of networks such as
social networks [43, 70], biological networks [8, 64], power networks [59], covert networks [65] and
decision/action networks [37].

Let G = (V,E) be a graph with the vertex set V and edge set E. Some widely used centrality
metrics are given below:

• The degree centrality of a vertex v 2 V is defined as the number of edges of v, i.e.,

dc(v) = |{{u, v} 2 E : u 2 V }|.
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• The closeness centrality of a vertex v is defined as

cc(v) =
X

u2V \{v}

1

d(u, v)
,

where d(u, v) is the shortest path length between u and v.

• The betweenness centrality of a vertex v 2 V is defined as

bc(v) =
X

s 6=v 6=t2V

�
st

(v)

�
st

,

where �
st

is the number shortest paths between s and t, and �
st

(v) is the number of them
passing through v.

Among these metrics, computing degree centrality of all vertices is relatively cheap and can be
done in linear, O(n + m), time via a simple counting approach where n is the number of nodes,
and m is the number of node-node interactions in the network. Even when the data is streamed,
this algorithm will work e�ciently without storing the graph.

Betweenness has always been an intriguing metric for the researchers and it has been im-
plemented in several tools which have been widely used in practice for analyzing networks and
graphs [9, 71]. The best algorithm to compute the betweenness centrality scores of each vertex is
proposed by Brandes which has O(nm) and O(nm+ n2 log n) time complexity for unweighted and
weighted graphs, respectively [20]. Brandes’ algorithm has a scalable O(n+m) space complexity,
but it is not fast enough to handle almost 1 billion users of Facebook or 150 million users of Twitter.
Several techniques have been proposed to alleviate the complexity for large-scale networks. A set of
works propose using estimated values instead of exact scores [21, 47], and others use parallelization
on distributed memory architectures [69], multicore CPUs [7, 8, 72], and GPUs [58, 77, 85].

Existing centrality metrics are defined for networks which can be modeled by simple graphs.
With more complex data, one will need new metrics to use on multiple networks at once. On the
other hand, computing betweenness centrality scores of vertices in a single network is a well studied
problem. However, as will be shown in Section 4, existing algorithms can be made significantly
faster on several HPC architectures. Furthermore, even with simple graphs and existing metrics,
Brandes’ algorithm may not work under restrictions, e.g., a limited number of passes on data. In
its current o✏ine form, the algorithm requires n passes which is not practical for streaming or
evolving distributed network data.

Another centrality problem we want to study on arises when the centrality scores of hierarchies,
classes, and groups are of interest instead of individual centrality values. We believe that such
problems will exist in practice when there are multiple related networks with di↵erent node types.
For example, given a social network and a set of overlapping communities over this network, finding
the maximally central community is an important problem. A set of group centrality metrics have
been proposed in the literature [44] and sequential algorithms which compute these metrics have
been proposed [78]. However, as far as we know, there is neither a parallel algorithm to compute
group centrality scores nor a scalable sequential one.

3.2 k-core and k-truss Analysis

Density indicates importance in most of the networks today. Depending on the type of the network
and how the interactions are modeled, a set of densely connected nodes in a network indicates some
information such as high degrees of interaction, mutual similarity, and collective characteristics.
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•  Betweenness	  metric	  models	  the	  centrality	  beMer	  
•  We	  need	  to	  use	  all	  shortest	  paths	  to	  compute	  BC	  scores	  
•  The	  current	  best	  algorithm	  is	  (by	  Brandes)	  

•  O(|V|x|E|)	  for	  unweighted	  graphs	  
•  O(|V|x|E|	  +	  |V|2	  x	  log|E|)	  for	  weighted	  graphs	  

•  Very	  costly	  considering	  today’s	  large-‐scale	  networks	  
•  Faster	  solu;ons	  are	  essen;al	  

•  Approxima;ons	  and/or	  high	  performance	  compu;ng	  
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•  Brandes’	  algorithm	  applies	  two	  phases	  for	  each	  vertex	  s	  
•  Phase	  1:	  simple	  BFS	  with	  shortest	  path	  coun;ng	  
•  Phase	  2:	  compu;ng	  par;al	  BC	  scores	  with	  counted	  paths	  
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path from u to v. If u and v are connected for all u, v 2
V we say G is connected. If G is not connected, then it
is disconnected and each maximal connected subgraph
of G is a connected component, or a component, of G.

Given a graph G = (V,E), an edge e 2 E is a bridge
if G�e has more connected components than G where
G � e is obtained by removing e from E. Similarly, a
vertex v 2 V is called an articulation vertex if G � v
has more connected components than G where G�v is
obtained by removing v and its edges from V and E,
respectively. If G is connected and it does not contain an
articulation vertex we say G is biconnected. A maximal
biconnected subgraph of G is a biconnected component.
Hence, if G is biconnected it has only one biconnected
component which is G itself.

G = (V,E) is a clique if and only if 8u, v 2
V, {u, v} 2 E. The subgraph induced by a subset of
vertices V 0 ✓ V is G0

= (V 0, E0
= {V 0 ⇥ V 0} \ E).

A vertex v 2 V is a side vertex of G if and only if the
subgraph of G induced by �(v) is a clique. Two vertices
u and v are identical if and only if �(u) = �(v). v is
a degree-1 vertex if and only if |�(v)| = 1.

A. Betweenness Centrality

The betweenness metric is first defined by Freeman
in Sociology to quantify a person’s importance on other
people’s communication in a social network [10]. Given
a graph G, let �st be the number of shortest paths from
a source s 2 V to a target t 2 V . Let �st(v) be the
number of such s  t paths passing through a vertex
v 2 V, v 6= s, t. Let the pair dependency of v to s, t
pair be the fraction �st(v) =

�st(v)
�st

. The betweenness
centrality of v is defined as

bc[v] =

X

s 6=v 6=t2V

�st(v). (1)

Since there are O(n2
) pairs in V , one needs O(n3

)

operations to compute bc[v] for all v 2 V by us-
ing (1). Brandes reduced this complexity and proposed
an O(mn) algorithm for unweighted networks [11].
The algorithm is based on the accumulation of pair
dependencies over target vertices. After accumulation,
the dependency of v to s 2 V is

�s(v) =

X

t2V

�st(v). (2)

Let Ps(u) be the set of u’s predecessors on the
shortest paths from s to all vertices in V . That is,

Ps(u) = {v 2 V : {u, v} 2 E, ds(u) = ds(v) + 1}
where ds(u) and ds(v) are the shortest distances from
s to u and v, respectively. Ps defines the shortest paths

graph rooted in s. Brandes observed that the accumu-
lated dependency values can be computed recursively
as

�s(v) =

X

u:v2Ps(u)

�sv

�su
(1 + �s(u)) . (3)

To compute �s(v) for all v 2 V \ {s}, Brandes’
algorithm uses a two-phase approach. First, to compute
�sv and Ps(v) for each v, a breadth first search (BFS)
is initiated from s. Then in a back propagation phase,
�s(v) is computed for all v 2 V in a bottom-up manner
by using (3). Each phase takes a linear time, and hence
this process takes O(m) time. Since there are n source
vertices and the phases are repeated for each source
vertex, the total complexity of the algorithm is O(mn).
The pseudo-code of Brandes’ betweenness centrality
algorithm is given in Algorithm 1.

Algorithm 1: BC-ORG

Data: G = (V, E)
bc[v] 0, 8v 2 V
for each s 2 V do

S  empty stack
Q empty queue
P[v] empty list, 8v 2 V
�[v] 0, 8v 2 V
d[v] �1, 8v 2 V
Q.push(s); �[s] 1; d[s] 0
.Phase 1: BFS from s
while Q is not empty do

v  Q.pop()
S.push(v)
for all w 2 �(v) do

if d[w] < 0 then

Q.push(w)
d[w] d[v] + 1

if d[w] = d[v] + 1 then

�[w] �[w] + �[v]
P[w].push(v)

.Phase 2: Back propagation
�[v] 0, 8v 2 V
while S is not empty do

w  S.pop()
for v 2 P [w] do

�[v] �[v] + �[v]
�[w] (1 + �[w])

if w 6= s then

bc[w] bc[w] + �[w]

return bc
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•  Two	  choices;	  coarse-‐grain	  or	  fine-‐grain	  parallelism	  
•  Coarse-‐grain	  is	  source-‐based	  parallelism:	  each	  source	  vertex	  is	  assigned	  to	  a	  

thread	  
•  No	  synchroniza;on	  problem;	  computa;ons	  are	  independent	  
•  Separate	  memory	  for	  each	  thread	  (|V|	  ;mes	  more	  memory!)	  
•  NOT	  feasible	  for	  large	  graphs	  and	  GPU	  	  

•  Fine-‐grain	  parallelism	  is	  applied	  to	  a	  single	  BFS	  
•  Parallel	  execu;on	  of	  BFS	  levels	  
•  Synchroniza;on	  inside	  each	  level:	  usage	  of	  atomics	  brings	  overhead	  
•  Thread-‐divergence	  issues	  due	  to	  the	  skewed	  degree	  distribu;on	  of	  real-‐world	  

networks	  
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•  Vertex-‐based	  parallelism	  
•  Assigns	  (the	  edges	  of)	  each	  vertex	  to	  a	  single	  thread	  
•  Good:	  less	  number	  of	  threads	  
•  Bad:	  thread	  divergence	  problem,	  especially	  when	  the	  degree	  distribu;on	  is	  

skewed	  (common	  in	  real-‐world	  networks)	  

	  
•  Edge-‐based	  parallelism	  

•  Assigns	  each	  edge	  to	  a	  thread	  
•  Good:	  less	  thread	  divergence	  
•  Bad:	  more	  work,	  more	  atomic	  opera;ons	  
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•  We	  propose	  using	  virtual	  ver;ces	  
•  Use	  mul;ple	  virtual	  ver;ces	  for	  a	  vertex	  with	  high	  degree	  
•  Hybrid	  edge/vertex	  parallelism.	  
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Graph	  Storage	  with	  Virtualiza1on	  

•  n: number of vertices 
•  m: number of edges 
•  n’: number of virtual vertices 
•  maximum degree of a virtual 

vertex is selected as 4 
•  vmap array maps the virtual 

vertices to original vertices 

Algorithm 1: Sequential BC

Data: G = (V,E)
bc[v] 0, 8v 2 V

1 for each s 2 V do

S  empty stack, Q empty queue
P[v] empty list, �[v] 0, d[v] �1, 8v 2 V

Q.push(s), �[s] 1, d[s] 0
.Forward phase: BFS from s

while Q is not empty do

v  Q.pop(), S.push(v)
for all w 2 �(v) do

if d[w] < 0 then

Q.push(w)
d[w] d[v] + 1

if d[w] = d[v] + 1 then

2 �[w] �[w] + �[v]
P[w].push(v)

.Backward phase: Back propagation

3 �[v] 1
�[v] , 8v 2 V

while S is not empty do

w  S.pop()
for v 2 P[w] do

4 �[v] �[v] + �[w]
.Update bc values by using Equation (5)
for v 2 V do

if v 6= s then

5 bc[v] bc[v] + (�[v]⇥ �[v]� 1)
return bc

3. BETWEENNESS CENTRALITY ON GPU
As mentioned above, there are two existing studies on

computing betweenness centrality by using GPUs. In the
first one, Shi and Zhang developed a software package gpu-
fan2 to do biological network analysis [20]. Later, Jia et al.
compared vertex- and edge-based techniques on GPUs for
BC computations [7]. Both of these works employ a fine-
grain parallelism: all threads work concurrently while exe-
cuting a single, level-synchronized BFS. That is all the fron-
tier vertices at current level ` must be processed before the
vertices at level `+1. And for each level, the algorithms ini-
tiate a GPU kernel to visit the vertices/edges on that level.
The di↵erence between the vertex- and edge-based paral-
lelism arises from the implementation of a forward/backward-
step and the corresponding graph storage scheme. To ease
the memory accesses, the former uses the compressed sparse
row (CSR) format, and the latter uses the coordinate (COO)
format for graph storage. Figures 1(b) and 1(c) show these
storage schemes for a toy graph with 10 vertices and 17 edges
as given in Figure 1(a).

3.1 Vertex-based parallelism
In vertex-based parallelism, all the edges of a single ver-

tex are processed by a single thread. The pseudocode of
the forward and backward phases of the vertex-based ap-
proach are given in Algorithm 2. Let u be a frontier vertex
at level ` and v be one of its neighbors. There can be three
cases for v: if d[v] = �1 then v is unvisited before and will
be a frontier vertex in level ` + 1. In this case, the kernel
understands that the next frontier will not be empty and
sets cont to true. It also increases �[v] by �[u], since all
shortest paths from the source vertex to u will be a prefix
of at least one shortest path from s to v (line 4 of Algo-
rithm 2). This operation must be atomic since there can be
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is the number of vertices, n0 is the number of virtual
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ization in (c) and (d), mdeg = 4 is used. The memory
usage of each representation is given in terms of the
number of entries it has.

other threads which are concurrently trying to update �[v].
Hence, in vertex-based parallelism a single atomic operation
per successor-predecessor edge is necessary. If v has been
visited before, it can be either at level ` or ` � 1. In the
latter case, the kernel sets u as one of the predecessors of
v, i.e., P

v

[u]  1. To store the predecessor information, P,
Shi and Zhang used an n⇥n-bit array. Considering the size
of real-world networks and graphs and the amount of mem-
ory available on modern GPUs, this is not practical even
for mid-size networks. The n

2 storage is actually an overkill
since a successor-predecessor relationship can be established
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Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.
There are four main advantages of virtual-CSR over the

other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations
is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such

edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of
Algorithm 1. The initialization of �[v] values (line 3 of Al-
gorithm 1) should be multiplied by reach[v] to account for
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save a significant amount of memory.
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other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.
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represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
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3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations
is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such

edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
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0 (line 6 of Algorithm 4) since the all the updates are
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Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
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coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of
Algorithm 1. The initialization of �[v] values (line 3 of Al-
gorithm 1) should be multiplied by reach[v] to account for

original vertex ID 

neighbors of 
virtual vertex are 

visited 
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Parallel	  BC	  with	  Virtualiza1on:	  1st	  phase	  
Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.
There are four main advantages of virtual-CSR over the

other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations
is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such

edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of
Algorithm 1. The initialization of �[v] values (line 3 of Al-
gorithm 1) should be multiplied by reach[v] to account for

original vertex ID 

neighbors of 
virtual vertex are 

visited 

•  NO	  predecessor	  array,	  NO	  queue,	  only	  
level	  informa1on	  

	  
•  the	  avg	  ra1o	  of	  ac1ve	  threads	  in	  a	  warp	  
is	  higher	  

	  
•  Less	  thread	  divergence	  
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Parallel	  BC	  with	  Virtualiza1on:	  2nd	  phase	  

Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

The pseudocode of the forward and backward phases of
the virtualization-based approach are given in Algorithm 4.
In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.

There are four main advantages of virtual-CSR over the
other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations

is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such
edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of

Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.
There are four main advantages of virtual-CSR over the

other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations
is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such

edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of
Algorithm 1. The initialization of �[v] values (line 3 of Al-
gorithm 1) should be multiplied by reach[v] to account for

Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.
There are four main advantages of virtual-CSR over the

other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations
is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such

edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of
Algorithm 1. The initialization of �[v] values (line 3 of Al-
gorithm 1) should be multiplied by reach[v] to account for
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Parallel	  BC	  with	  Virtualiza1on:	  2nd	  phase	  

Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

The pseudocode of the forward and backward phases of
the virtualization-based approach are given in Algorithm 4.
In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.

There are four main advantages of virtual-CSR over the
other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations

is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such
edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of

original vertex ID 

Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.
There are four main advantages of virtual-CSR over the

other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations
is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such

edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of
Algorithm 1. The initialization of �[v] values (line 3 of Al-
gorithm 1) should be multiplied by reach[v] to account for

Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.
There are four main advantages of virtual-CSR over the

other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations
is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such

edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of
Algorithm 1. The initialization of �[v] values (line 3 of Al-
gorithm 1) should be multiplied by reach[v] to account for
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Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

The pseudocode of the forward and backward phases of
the virtualization-based approach are given in Algorithm 4.
In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.

There are four main advantages of virtual-CSR over the
other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations

is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such
edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of

original vertex ID 
neighbors of 

virtual vertex are 
visited 

Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.
There are four main advantages of virtual-CSR over the

other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations
is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such

edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of
Algorithm 1. The initialization of �[v] values (line 3 of Al-
gorithm 1) should be multiplied by reach[v] to account for

Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.
There are four main advantages of virtual-CSR over the

other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations
is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such

edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of
Algorithm 1. The initialization of �[v] values (line 3 of Al-
gorithm 1) should be multiplied by reach[v] to account for
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Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

The pseudocode of the forward and backward phases of
the virtualization-based approach are given in Algorithm 4.
In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.

There are four main advantages of virtual-CSR over the
other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations

is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such
edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of

original vertex ID 

“sum” is used to 
reduce number of 
atomic operations 

neighbors of 
virtual vertex are 

visited 
Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.
There are four main advantages of virtual-CSR over the

other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations
is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such

edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of
Algorithm 1. The initialization of �[v] values (line 3 of Al-
gorithm 1) should be multiplied by reach[v] to account for

Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.
There are four main advantages of virtual-CSR over the

other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations
is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such

edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of
Algorithm 1. The initialization of �[v] values (line 3 of Al-
gorithm 1) should be multiplied by reach[v] to account for
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Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

The pseudocode of the forward and backward phases of
the virtualization-based approach are given in Algorithm 4.
In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.

There are four main advantages of virtual-CSR over the
other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations

is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such
edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of
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Algorithm 4: Virtual: BC with virtual vertices

· · ·
` 0
.Forward phase

while cont = true do

cont false

.Forward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
vir

]
if d[u] = ` then

1 for each v 2 �
vir

(u
vir

) do

2 if d[v] = �1 then

d[v] `+ 1, cont true

3 if d[v] = `+ 1 then �[v]
atomic �[v] + �[u]

` `+ 1
· · ·
.Backward phase

while ` > 1 do

` `� 1
.Backward-step kernel

for each virtual vertex u

vir

in parallel do

u vmap[u
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]
if d[u] = ` then

sum 0
4 for each v 2 �(u) do

5 if d[v] = `+ 1 then sum sum+ �[v]

6 �[u]
atomic �[u] + sum

.Update bc values by using Equation (5)
· · ·

In the forward phase, each thread processes the edges of a
virtual vertex u

vir

. The real vertex u is reached via vmap

and �[u] is used to update the number of shortest paths to
neighbors of u

vir

. In the backward phase, a similar approach
is used.

Notice that Algorithm 4 does not store the predecessor-

successor edges. Instead it checks if d[v]
?
= d[u]+1 to decide

whether an edge (u, v) is a predecessor-successor edge or
not. Our preliminary experiments showed no significant dif-
ference in runtime between storing the predecessor-successor
information or using the distances. Therefore, we chose not
to store it in any of our GPU implementations since we can
save a significant amount of memory.
There are four main advantages of virtual-CSR over the

other representatives:

1. When mdeg is small, e.g., 4, the load imbalance among
the threads in a warp will not be as troublesome as the
one in traditional CSR.

2. Only the threads which are processing the frontier ver-
tices are active during a forward/backward step in the
vertex-based approach. Hence, the idle threads need to
wait others. In virtual-CSR, the virtual vertices which
represent the same vertex v 2 V are labeled consec-
utively and probably, they will be in the same warp.
Hence, when v is in the frontier, all its virtual vertices
in the virtual-CSR will be frontier too. This probably
will increase the average ratio of the number of active
vertices in a warp.

3. As shown in Algorithm 3, the updates on � in the back-
ward phase must be atomic when the edge-based par-
allelism is used. The number of such atomic operations
is equal to the number of predecessor-successor edges
in E. Usually, a high fraction of the edges are such

edges in practice. With virtualization, the number of
atomic operations in the backward phase is reduced to
n

0 (line 6 of Algorithm 4) since the all the updates are
computed and stored in a local variable sum (line 5 of
Algorithm 4).

4. In total, the virtual-CSR storage uses 2n0+m+1 mem-
ory. We can assume that n0 is in the order of m/mdeg.
Hence, compared with the edge-based approach, when
mdeg = 4, this saves an amount of memory of approx-
imately m/2.

3.3.1 Stride-CSR representation

As we will experimentally show, the virtual-CSR repre-
sentation is e↵ective and e�cient. But it can be further
improved by reorganizing the memory accesses to adjs. As
mentioned above, the virtual vertices are consecutively la-
beled and the threads processing them will probably be in
the same warp. Each such thread accesses a continuous part
of adjs of size at most mdeg. It means that the threads in a
warp access adjs in a regularly spaced fashion over a range
of warpsize ⇥ mdeg. Such accesses are unlikely to be coa-
lesced.
The stride-CSR representation (shown in Figure 1(e)) al-

lows better coalescing. In addition to original CSR arrays
ptrs and adjs, it needs three additional arrays: vmap is
the same mapping array used in virtual-CSR, offset shows
the virtual vertex number within the real vertex, and nvir

shows the number of virtual vertices for each vertex in V .
By using this additional information we distribute the edges
of v to its virtual vertices in a round robin fashion. Hence,
the memory accesses by consecutive threads, which process
these virtual vertices, will also be consecutive and better
coalesced. Although it uses more memory, experimental re-
sults show that the memory access scheme of stride-CSR is
superior to that of virtual-CSR for many graphs. From now
on, we will call the version of the code that uses stride-CSR
as Stride.

4. COMPRESSING THE GRAPH FOR BC
Brandes’ algorithm relies on the shortest path graph rooted

on a given source of the graph. Two di↵erent sources can
expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with

exactly one neighbor, i.e., degree-1 vertices. Let u 2 V be
such a vertex with a neighbor v 2 V . If u lies on a shortest
path in G, it must be one of the endpoints. Hence, BC of
u is 0. However, the vertex can not be just removed since
�

su

(w) is not necessarily equal to 0 for all w 2 V . All of the
shortest paths that go to u must be through v; indicating
that �

su

(w) = �

sv

(w), for all w 6= v 2 V . Notice that the
expression is not correct for w = v since �

sv

(v) = 0 and
�

su

(v) = 1: the shortest path to v does not go through
v (but the paths to u go through v). Because the graph
is undirected, a similar relation holds between �

us

(w) and
�

vs

(w).
We introduce the reach array, which indicates that ver-

tex w represents reach[w] vertices (including itself). The
di↵erence in the BC computation only changes two lines of
Algorithm 1. The initialization of �[v] values (line 3 of Al-
gorithm 1) should be multiplied by reach[v] to account for
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expose almost the same shortest path graph. And in some
cases, it is possible to exploit this and other structures by
considering both of them simultaneously [1, 18].
In particular, we are interested in removing vertices with
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path in G, it must be one of the endpoints. Hence, BC of
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gorithm 1) should be multiplied by reach[v] to account for
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Algorithm 1: Sequential BC

Data: G = (V,E)
bc[v] 0, 8v 2 V

1 for each s 2 V do

S  empty stack, Q empty queue
P[v] empty list, �[v] 0, d[v] �1, 8v 2 V

Q.push(s), �[s] 1, d[s] 0
.Forward phase: BFS from s

while Q is not empty do

v  Q.pop(), S.push(v)
for all w 2 �(v) do

if d[w] < 0 then

Q.push(w)
d[w] d[v] + 1

if d[w] = d[v] + 1 then

2 �[w] �[w] + �[v]
P[w].push(v)

.Backward phase: Back propagation

3 �[v] 1
�[v] , 8v 2 V

while S is not empty do

w  S.pop()
for v 2 P[w] do

4 �[v] �[v] + �[w]
.Update bc values by using Equation (5)
for v 2 V do

if v 6= s then

5 bc[v] bc[v] + (�[v]⇥ �[v]� 1)
return bc

3. BETWEENNESS CENTRALITY ON GPU
As mentioned above, there are two existing studies on

computing betweenness centrality by using GPUs. In the
first one, Shi and Zhang developed a software package gpu-
fan2 to do biological network analysis [20]. Later, Jia et al.
compared vertex- and edge-based techniques on GPUs for
BC computations [7]. Both of these works employ a fine-
grain parallelism: all threads work concurrently while exe-
cuting a single, level-synchronized BFS. That is all the fron-
tier vertices at current level ` must be processed before the
vertices at level `+1. And for each level, the algorithms ini-
tiate a GPU kernel to visit the vertices/edges on that level.
The di↵erence between the vertex- and edge-based paral-
lelism arises from the implementation of a forward/backward-
step and the corresponding graph storage scheme. To ease
the memory accesses, the former uses the compressed sparse
row (CSR) format, and the latter uses the coordinate (COO)
format for graph storage. Figures 1(b) and 1(c) show these
storage schemes for a toy graph with 10 vertices and 17 edges
as given in Figure 1(a).

3.1 Vertex-based parallelism
In vertex-based parallelism, all the edges of a single ver-

tex are processed by a single thread. The pseudocode of
the forward and backward phases of the vertex-based ap-
proach are given in Algorithm 2. Let u be a frontier vertex
at level ` and v be one of its neighbors. There can be three
cases for v: if d[v] = �1 then v is unvisited before and will
be a frontier vertex in level ` + 1. In this case, the kernel
understands that the next frontier will not be empty and
sets cont to true. It also increases �[v] by �[u], since all
shortest paths from the source vertex to u will be a prefix
of at least one shortest path from s to v (line 4 of Algo-
rithm 2). This operation must be atomic since there can be

2
http://bioinfo.vanderbilt.edu/gpu-fan/

(a) A toy graph G

(b) CSR representation of G

(c) COO representation of G

(d) Virtual-CSR representation of G

(e) Stride-CSR representation of G

Figure 1: A toy graph G with 10 vertices and 17
edges (a), its CSR representation (b), its COO rep-
resentation (c), its virtual-CSR representation (d),
and stride-CSR representation (e). In the figures, n
is the number of vertices, n0 is the number of virtual
vertices, and m is the number of edges. For virtual-
ization in (c) and (d), mdeg = 4 is used. The memory
usage of each representation is given in terms of the
number of entries it has.

other threads which are concurrently trying to update �[v].
Hence, in vertex-based parallelism a single atomic operation
per successor-predecessor edge is necessary. If v has been
visited before, it can be either at level ` or ` � 1. In the
latter case, the kernel sets u as one of the predecessors of
v, i.e., P

v

[u]  1. To store the predecessor information, P,
Shi and Zhang used an n⇥n-bit array. Considering the size
of real-world networks and graphs and the amount of mem-
ory available on modern GPUs, this is not practical even
for mid-size networks. The n

2 storage is actually an overkill
since a successor-predecessor relationship can be established
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III. SHATTERING AND COMPRESSING NETWORKS

A. Principle

Let us start with a simple example: Let G = (V,E)

be a binary tree with n vertices hence m = n � 1. If
Brandes’ algorithm is used the complexity of computing
the BC scores is O(n2

). However, by using a structural
property of G, one can do much better: there is exactly
one path between each vertex pair in V . Hence for a
vertex v 2 V , bc[v] is the number of (ordered) pairs
communicating via v, i.e.,

bc[v] = 2⇥ ((lvrv) + (n� lv � rv � 1)(lv + rv))

where lv and rv are the number of vertices in the left
and the right subtrees of v, respectively. Since lv and
rv can be computed in linear time for all v 2 V , this
approach, which can be easily extended to an arbitrary
tree, takes only O(n) time.

As mentioned in Section I, computing BC scores
is an expensive task. However, as the above example
shows, some structural properties of the networks can be
effectively used to reduce the complexity. Unfortunately,
an n-fold improvement on the execution time is usually
not possible since real-life networks rarely have a tree-
like from. However, as we will show, it is still possible
to reduce the execution time by using a set of special
vertices and edges.

Consider the toy graph G of a social network given in
Figure 1.(a). Since Arthur is the only articulation vertex
in G, he is responsible from all inter-communications
among three (biconnected) components as shown in
Figure 1.(b). Let s and t be two vertices which lie
in different components. For all such s, t pairs, the
pair dependency of Arthur is 1. Since shattering the
graph at Arthur removes all s  t paths, one needs
to keep some information to correctly update the BC
scores of the vertices inside each component, and this
can be achieved creating local copies of Arthur in each
component.

In addition to shattering a graph G into pieces, we
investigated three compression techniques using degree-
1 vertices, side vertices, and identical vertices. These
vertices have special properties: All degree-1 and side
vertices always have a zero BC score since they can-
not be on a shortest path unless they are one of the
endpoints. Furthermore, bc[u] is equal to bc[v] for two
identical vertices u and v. By using these observations,
we will formally analyze the proposed shattering and
compression techniques and provide formulas to com-
pute the BC scores correctly.

We apply our techniques in a preprocessing phase as
follows: Let G = G0 be the initial graph, and G` be

(a) A toy social network with various types of vertices:
Arthur is an articulation vertex, Diana is a side vertex,
Jack and Martin are degree-1 vertices, and Amy and May
are identical vertices.

(b) The network shattered at Arthur to three components.

Figure 1. A toy social network and its shattered form due to an
articulation vertex.

the graph after the `th shattering/compression operation.
Without loss of generality, we assume that the initial
graph G is connected. The ` + 1th operation modifies
a single connected component of G` and generates
G`+1. The preprocessing phase then checks if G`+1 is
amenable to further modification, and if this is the case,
it continues. Otherwise, it terminates and the final BC
computation begins.

B. Shattering Graphs

To correctly compute the BC scores after shattering
a graph, we assign a reach attribute to each vertex.
Let G = (V,E). Let v0 be a vertex in the shattered
graph G0 and C 0 be its component. Then reach[v0

] is
the number of vertices of G which are represented by
v0 in C 0. For instance in Figure 1.(b), reach[Arthur3]

is 6 since Amy, John, May, Sue, Jack, and Arthur have
the same shortest path graphs in the right component.
At the beginning, we set reach[v] = 1 for all v 2 V .

1) Shattering with articulation vertices: Let u0 be an
articulation vertex detected in a connected component
C ✓ G` after the `th operation of the preprocessing
phase. We first shatter C into k (connected) components
Ci for 1  i  k by removing u0 from G` and adding a

3
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Degree-‐1	  Vertex	  Removal	  and	  Ordering	  
•  Two	  other	  improvements	  for	  faster	  BC	  computa;on	  
•  Parallel	  (GPU-‐based)	  removal	  of	  degree-‐1	  ver;ces	  in	  a	  
recursive	  manner	  without	  viola;ng	  BC	  scores	  [Sariyuce	  et	  
al.,	  SDM‘13]	  
•  Jack	  and	  Mar;n	  are	  degree-‐1	  
•  BC	  of	  those	  ver;ces	  is	  0	  	  
•  BC	  of	  the	  neighbor	  is	  adjusted	  	  

•  Apply	  BFS	  ordering	  to	  improve	  cache	  locality	  



•  Using	  hybrid	  parallelism	  (GPU+CPU)	  for	  BC	  computa;ons	  
•  +	  Degree-‐1	  removal	  techniques	  and	  graph	  ordering	  	  

•  Coarse-‐grain	  (source-‐level)	  parallelism	  is	  used	  for	  CPUs	  
•  Extra	  memory	  usage	  is	  not	  a	  big	  problem,	  since	  number	  of	  
threads	  is	  quite	  less	  than	  GPU’s	  

•  In	  our	  case,	  it	  is	  8	  
•  Fine-‐grain	  parallelism	  is	  used	  for	  GPUs	  

•  +	  Virtualiza;on	  and	  strided	  memory	  access	  
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Heterogeneous	  Compu1ng	  



•  Two	  quad-‐core	  Intel	  Xeon	  E5520	  CPUs	  (Nehalem)	  
•  clocked	  at	  2.27Ghz	  and	  have	  48GB	  of	  memory	  
•  32kB	  L1,	  256kB	  L2,	  8MB	  L3	  cache	  (L3	  is	  shared	  by	  4-‐core)	  

•  Equipped	  with	  an	  NVIDIA	  Tesla	  C2050	  (Fermi)	  
•  2.6GB	  of	  global	  memory	  
•  14	  mul;processors	  each	  have	  32	  CUDA	  cores	  (448	  in	  total)	  
•  CUDA	  cores	  are	  clocked	  at	  1.15GHz	  and	  the	  memory	  is	  clocked	  
at	  1.5GHz.	  ECC	  is	  on.	  	  
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Experiments	  



•  We	  used	  8	  social	  network	  graphs	  from	  SNAP	  

•  Unable	  to	  run	  [Shi	  2011]	  due	  to	  memory	  constraints	  
except	  one	  graph	  (for	  which	  our	  sequen;al	  CPU	  code	  is	  
faster	  than	  their	  best	  GPU	  implementa;on)	  
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Dataset	  

Original Reduced
Graph |V | |E| avg |�(v)| max |�(v)| |V | |E| avg |�(v)| max |�(v)|
amazon0601 403,364 4,886,622 12.1 2,752 390,915 4,861,724 12.4 2,750
com-orkut 3,072,441 234,370,166 76.2 33,313 3,004,647 234,234,578 77.9 33,275
loc-gowalla 196,591 1,900,654 9.6 14,730 142,670 1,792,812 12.5 14,730
soc-LiveJournal 4,843,953 85,691,368 17.6 20,333 3,740,572 83,484,606 22.3 20,329
soc-sign-epinions 119,130 1,408,534 11.8 3,558 59,288 1,288,850 21.7 3,461
web-Google 855,802 8,582,704 10.0 6,332 703,942 8,278,984 11.7 6,292
web-NotreDame 325,729 2,180,216 6.6 10,721 159,683 1,848,124 11.5 10,721
wiki-Talk 2,388,953 9,313,364 3.8 100,029 622,986 5,781,430 9.2 46,241

Table 1: Properties of the largest component of the graph in our dataset before and after degree-1 reduction.

CPU 1 thread CPU 8 threads GPU stride Heterogeneous
Graph deg1 + ord deg1 + ord stride deg1 + ord
amazon0601 46,297 5,883 4,535 2,321
com-orkut 10,862,615 2,204,789 2,016,763 1,077,391
loc-gowalla 6,278 533 598 290
soc-LiveJournal 10,614,646 1,197,589 858,735 515,524
soc-sign-epinions 2,269 118 169 78
web-Google 157,920 9,652 8,912 4,678
web-NotreDame 6,847 304 824 234
wiki-Talk 465,755 13,426 7,167 4,456

Table 2: Total execution time of betweenness centrality on various configurations (in seconds).

(a) Original (b) Reduced

Figure 3: Cumulative density functions of the vertex degrees of the test graphs.

These results, and more, will be discussed in more detailed
in following subsections.

5.1 GPU implementations
We first present the comparison of the four GPU imple-

mentations on the original graphs in Figure 4. The results
are presented in terms of speedups compared to a sequential
CPU implementation (see Table 2). On these graphs, there
is a clear ranking of the four implementations, vertex-based
parallelism (Vertex) is typically slower than edge-based
parallelism (Edge). And both of these existing methods
were outperformed by the two methods proposed in this pa-
per, that are based on virtual vertices (Virtual) and strided
memory accesses (Stride).

Vertex can be more than 5 times slower than Edge (e.g.,
on loc-gowalla and wiki-Talk). Stride is never slower than
Virtual, (it is just about 3% faster on amazon0601, web-
Google, and web-NotreDame) and it can be up to 17% faster
(on soc-LiveJournal) thanks to better memory coalescing.
On average, Stride is 1.6 times faster than Edge and 3.7
times faster than Vertex.

From Figure 4 it might look like the performance of the
GPU implementations are particularly bad on web-NotreDame.
Remember that these are speedups relative to a sequen-
tial CPU. Figure 5 displays the absolute performance ex-
pressed in number of edges processed per second (computed
as |V ||E|/runtime) for both CPU and GPU (Stride) codes.
The performance of the GPU Stride on web-NotreDame is
similar to the one achieved on other graphs. However, the se-
quential CPU implementation is significantly more e�cient
on that particular graph, most likely due to structure of the
graph and ordering of the vertices that yield more cache-
friendly execution, and hence the lower speedup values.

5.2 Graph modifications
We now consider the impact of the reduction of the graph

by removing degree-1 vertices. We also consider the impact
of ordering the graph. We order the graph with respect to
a queue ordering in a single BFS computed from an arbi-
trary vertex. This is similar to the Reverse Cuthill-McKee
ordering which is popular in the context of sparse linear al-
gebra [5]. Intuitively, such an ordering put vertices at the
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Comparison	  of	  GPU-‐based	  Variants	  
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Degree-‐1	  Removal	  and	  Ordering	  (GPU)	  

0"

1"

2"

3"

4"

5"

6"

7"

8"

9"

Sp
ee
du

p"
w
rt
"G
PU

"st
rid

e"

GPU"stride"+"deg1"

GPU"stride"+"deg1"+"ord"



Faster	  Centrality	  Computa1ons	  on	  GPUs	  GTC 2013 

Comparison	  of	  CPU	  (Nehalem),	  GPU	  
(Fermi)	  and	  Heterogeneous	  Architecture	  
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Comparison	  of	  CPU	  (Nehalem),	  GPU	  
(Fermi)	  and	  Heterogeneous	  Architecture	  
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Comparison	  of	  CPU	  (Nehalem),	  GPU	  
(Fermi)	  and	  Heterogeneous	  Architecture	  
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speedup of 104 



•  One	  quad-‐core	  Intel	  i7	  CPU	  (Sandy	  Bridge)	  
•  clocked	  at	  3.20Ghz	  and	  have	  24GB	  of	  memory	  
•  32kB	  L1,	  256kB	  L2,	  8MB	  L3	  cache	  (L3	  is	  shared	  by	  4-‐core)	  

•  Equipped	  with	  an	  NVIDIA	  Tesla	  K20	  (Kepler)	  
•  4.8GB	  of	  global	  memory,	  13	  mul;processors	  each	  have	  192	  
CUDA	  cores	  (2496	  in	  total)	  

•  CUDA	  cores	  are	  clocked	  at	  0.71GHz	  and	  the	  memory	  is	  clocked	  
at	  2.6GHz.	  ECC	  is	  on	  
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Kepler	  Experiments	  
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Comparison	  of	  Fermi,	  Kepler	  and	  
Heterogeneous	  Architecture	  
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Comparison	  of	  Fermi,	  Kepler	  and	  
Heterogeneous	  Architecture	  

reduces to 
~10 days 
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Comparison	  of	  Fermi,	  Kepler	  and	  
Heterogeneous	  Architecture	  

Kepler is 84%  
faster than 
Fermi  reduces to 

~10 days 



•  Various	  techniques	  for	  faster	  betweenness	  centrality	  
computa;on	  are	  inves;gated	  
•  Virtual	  ver;ces	  work	  quite	  well	  and	  solves	  load-‐balancing	  issue	  
•  Stride-‐CSR	  representa;on	  is	  very	  useful	  
•  Degree-‐1	  removal	  and	  graph	  ordering	  are	  effec;ve	  
•  U;lizing	  heterogeneous	  architecture	  gives	  much	  higher	  
speedups	  

•  BC	  computa;on	  is	  reduced	  from	  ~4	  months	  to	  ~10	  days	  
•  Speedups	  up	  to	  104	  are	  observed	  
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Conclusions	  



•  A	  more	  detailed	  profiling	  can	  yield	  new	  improvements	  
•  Efficiency	  of	  GPU	  algorithms	  depends	  on	  graph	  diameter,	  
which	  is	  usually	  small	  in	  social	  networks	  
•  We’ll	  inves;gate	  GPU	  solu;ons	  on	  large-‐diameter	  graphs,	  like	  
road	  networks	  

•  There	  are	  other	  sequen;al	  techniques	  to	  compress	  and	  
shaMer	  graphs	  for	  faster	  BC	  [Sariyuce	  et	  al.	  SDM’13]	  
•  We’ll	  incorporate	  them	  to	  heterogeneous	  architectures	  
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Future	  Work	  



•  For	  more	  informa;on	  
•  Email	  umit@bmi.osu.edu	  
•  Visit	  	  hMp://bmi.osu.edu/~umit	  or	  hMp://bmi.osu.edu/hpc	  

•  Research	  at	  the	  HPC	  Lab	  is	  supported	  by	  
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Thanks	  


